Published by Institute of Physics Publishing for SISSA/ISAS Received: August 19, 2004 Accepted: November 3, 2004

Orientifolds and mirror symmetry

Ilka Brunner

Theory Division, CERN CH-1211 Geneva 23, Switzerland E-mail: ilka@mth.kcl.ac.uk

Kentaro Hori

University of Toronto Ontario, Canada E-mail: hori@physics.utoronto.ca

Abstract: We study parity symmetries and crosscap states in classes of N = 2 supersymmetric quantum field theories in 1 + 1 dimensions, including non-linear sigma models, gauged WZW models, Landau-Ginzburg models, and linear sigma models. The parity anomaly and its cancellation play important roles in many of them. The case of the N = 2 minimal model are studied in complete detail, from all three realizations — gauged WZW model, abstract RCFT, and LG models. We also identify mirror pairs of orientifolds, extending the correspondence between symplectic geometry and algebraic geometry by including unorientable worldsheets. Through the analysis in various models and comparison in the overlapping regimes, we obtain a global picture of orientifolds and D-branes.

Keywords: Sigma Models, D-branes, Conformal Field Models in String Theory, Topological Strings.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep112004005 /jhep112004005 .pdf

Contents

1. Introduction 3

2. Parities and crosscaps in N = 2 theories 7 2.1 A-parity and B-parity 7 2.1.1 Parity of the (2,2) superspace 7 2.1.2 A-parity and B-parity in (2, 2) theories 8 2.1.3 Parity actions on chiral superfields 8 2.1.4 Unbroken supersymmetry and the Witten index 9 2.2 Crosscap states 10 2.2.1 Current conditions 10 2.2.2 Partition functions and crosscaps 12 2.3 Overlap with supersymmetric ground states 13 2.3.1 Dependence on parameters 13 2.3.2 Bilinear identities 14 2.3.3 Other identities 15

3. Geometric picture 16 3.1 Antiholomorphic and holomorphic involutions 16 3.2 Parity anomaly 17 3.2.1 Anomaly cancellation by B-field 17 3.3 Witten index 18 3.3.1 General formula 18 3.3.2 A-parity 19 3.3.3 B-parity 20 3.3.4 Inclusion of the B-field 22 3.4 Overlaps with supersymmetric ground states 24 3.4.1 A-parity in Calabi-Yau sigma model 25 3.4.2 B-parity in general model 25 3.5 D-Branes from parity 26

4. Orientifolds of N = 2 minimal models I 27 4.1 The minimal model 28 4.1.1 (2, 2) superconformal symmetry 28 4.1.2 Geometric picture 30 4.2 Parity symmetry 30 4.2.1 Parity anomaly 31 4.2.2 Cancellation of the anomaly 32 4.2.3 Action on the supercurrents 32 4.2.4 The square of the parity 33

– 1 –

4.2.5 Geometric picture 33 4.3 Description in the operator formalism 34 4.3.1 The spectrum 34 4.3.2 The parity action 37 4.4 RCFT point of view 40 4.4.1 RCFT aspects of the theory 41 4.4.2 A-type parities 43 4.4.3 B-type parities 43 4.5 Crosscaps in the theory before GSO projection 45 4.5.1 The right combination 46 4.5.2 Overlaps with supersymmetric ground states 48 4.5.3 Partition function and Witten index 49

5. Orientifold of N = 2 minimal models II — open strings 50 5.1 Facts on D-branes in N = 2 minimal models 51 5.1.1 A geometrical picture 51 5.1.2 Boundary states and one-loop amplitudes 51 5.2 Parity actions on D-branes and open strings 54 5.2.1 Geometrical picture 54 5.2.2 Möbius strips in RCFT 54 5.3 Resolving GSO 56 5.3.1 Oriented branes vs. unoriented branes 56 5.3.2 A-type 58 5.3.3 B-type 60

6. Landau-Ginzburg orientifolds 64 6.1 A-parity and B-parity 65 6.2 Overlap of crosscap and RR ground states 66 6.3 The twisted Witten index 68 6.4 The case of W = Φ^{k+2} 69 6.4.1 A-orientifolds 70 6.4.2 B-orientifolds 74

7. Orientifolds of linear sigma models and mirror symmetry 74 7.1 Parity symmetry of linear sigma models 75 7.1.1 A-parity 76 7.1.2 B-parity 77 7.2 Description in the mirror LG model 78 7.2.1 A-parity (B-parity in LG) 78 7.2.2 Examples and applications 79 7.2.3 B-parity (A-parity in LG) 81 7.2.4 Example: B-parities of C P^1 and their mirrors 83

– 2 –

8. Orientifolds of compact Calabi-Yau: a first step 86 8.1 LSM for compact CY and parity symmetry 86 8.1.1 A-parity (B-parity of mirror) 87 8.1.2 B-parity (A-parity of the mirror) 88 8.2 The case of the quintic 88 8.2.1 A-parities 89 8.2.2 B-parities 90 8.2.3 Summary and remarks 91 8.3 Spacetime picture 92 8.3.1 Spacetime supersymmetry 93 8.3.2 Light fields 93 8.3.3 Spacetime superpotential 96

A. Index Tr(−1)^F P in non-linear sigma models 97

B. Computation of the weights in the coset construction 102

C. P-matrix for the minimal model 105

D. Formulae for the crosscap states 107 D.1 A-type 107 D.2 B-type 108

E. Supercurrent conditions 110

F. Normalization of RR ground states 111

1. Introduction

String compactifications with N = 1 supersymmetry in 3 + 1 dimensions are theoretically very interesting and are believed to be important for real world physics. There are several approaches to the constructions of models, starting with Heterotic strings on Calabi-Yau manifolds [1]. The approach that has been attracting more recent attention is to consider type-II strings involving D-branes, which fill out the (3 + 1)-dimensional world. In such constructions, orientifolds [2]–[6], are indispensable elements in order to have consistent theories with finite Newton’s constant and supersymmetry. Despite this importance, orientifolds are less studied compared to D-branes which have been investigated extensively in recent years. In particular, it is not well understood what kinds of orientifolds are possible in which kinds of models.

In this paper, we systematically study parity symmetries of (2, 2) theories in 1 + 1 dimensions commuting with one half of the worldsheet (2, 2) supersymmetry, which are relevant for the construction of supersymmetric orientifolds. We particularly study general

– 3 – properties of parity symmetries and the associated crosscap states, such as the Witten index twisted by parity symmetry and the dependence of certain RP^2 diagrams on the parameters of the theory. Our emphasis is on supersymmetry rather than superconformal invariance, and we do not limit ourselves to conformal field theories. This attitude allows us to treat a broader class of models and has proved to be useful in various other contexts. The general story is examined and illustrated in several important classes of theories including the nonlinear sigma models on Kähler manifolds, gauged Wess-Zumino-Witten (WZW) models, Landau-Ginzburg (LG) models, and linear sigma models. All these models are related in one way or another and understanding relations between parities in these models will be very important.

As the primary example, we perform a complete study of parity symmetries and crosscap states in the N = 2 minimal model. The minimal model [7, 8] is the simplest nontrivial theory with (2, 2) superconformal invariance [9]; it has been playing a central role in the study of supersymmetric string compactification. In particular, it can be used as the building block of the Gepner model of critical supersymmetric string theory in 3 + 1 dimensions [10, 11]. The model is realized in three different ways:

(i) as an abstract RCFT using modular matrices, S, T [10, 12, 13] and P ,

(ii) as the SU(2) mod U(1) supersymmetric gauged WZW model [14, 15],

(iii) as the IR limit of the LG model with superpotential W = Φ^{k+2} [16, 17, 18].

D-branes in the minimal model are studied in these realizations in [19]–[23] respectively. Exact results on the crosscap states are obtained in the realization (i), following the general RCFT procedure [24]–[32]. However, the information obtained in this way is about the theory with a particular GSO projection, in which the N = 2 supersymmetry is not manifest. The essential task required here is to entangle the GSO projection and obtain the information on the parities and crosscap states of the full N = 2 theory before the GSO projection. This is done as one of the important achievements of the paper. The results are in complete agreement with the results from approach (ii) and (iii) whenever available.

We also study parity symmetries of linear sigma models. These are simple gauge theories that flow under renormalization group to the models of interest [33]. In many important cases, they are defined on the whole moduli space of theories, which interpolates the Gepner models and large volume Calabi-Yau sigma model, and provide a good understanding of the singularity of the worldsheet theory. Moreover they can be used to derive mirror symmetry [34]. Thus, by understanding parity symmetries of linear sigma models, one can first of all argue on the existence or absence of orientifolds on the moduli space, one can provide a relation between the Gepner model orientifold (that is obtained as the application of the orientifolds of N = 2 minimal models) and the orientifolds of large volume sigma model, and one can find the mirror correspondence of orientifold models. D-branes are studied in the context of linear sigma models in [22],[35]–[43].

As for any other symmetry, one needs to check if the parity symmetry of the classical system is maintained in the quantum theory. In many of the examples studied in

– 4 – this paper, we do encounter anomalies of classical parity symmetries. They are anomalous because the path-integral measure is not invariant: in certain topologically non-trivial backgrounds, there is an odd number of fermion zero mode pairs that are exchanged under some of the parities. The anomaly can be cancelled by combining it with another anomalous symmetry. One possibility is to use (−1)^{FL} that flips the sign of the left-moving fermions. This works when the theory is conformal and is indeed applied in the N = 2 minimal model in this paper. Another way is to turn on a B-field. We recall that the B-field term ∫ Σ ϕ^∗B flips its sign under the orientation reversal of Σ, and for this reason it can generate or cancel phase factors in the parity transformation of the path-integral measure.

We also present a number of new observations in this paper. For example, in specifying a parity of non-linear sigma models, in addition to the action τ on the target space X, one must specify its action on a complex line bundle on X whose first Chern class is (τ^∗[B] + [B])/2π. We also show (with the help of M. Kapranov and Y.-G. Oh) that the deformation theory of holomorphic Calabi-Yau orientifolds is not obstructed, namely, the classical moduli space of holomorphic orientifolds is smooth. This is in contrast to the case of holomorphic D-branes whose deformation is obstructed in general [20, 44].

This paper is organized as follows.

In section 2, we describe general features of parity symmetries and crosscap states of theories with N = (2, 2) supersymmetry. In particular, we consider parities commuting with half of the (2, 2) supersymmetry. As in the case with boundary conditions [45, 22], we will find essentially two types of parities and call them A-parities and B-parities, following [45]. We show that the overlap of the crosscap and the supersymmetric ground states obey certain differential equations with respect to the parameters of the theory. We also find the relation of these overlaps and the parity-twisted Witten indices, which will be called bilinear identities.

This general story is illustrated in section 3, in the examples of non-linear sigma models with Kähler target spaces. A-parities are associated with anti-symplectic isometries, while B-parities correspond to holomorphic isometries. We determine the conditions on the complex structure and complexified Kähler parameters for the parity symmetry. We also compute the parity-twisted Witten index using supersymmetric localization applied to path-integrals and interpret the result from the canonical formalism. For A-type parities and branes, the index is the self-intersection number of the orientifold plane (O-plane) for closed string, while it is the intersection number of the O-plane and D-brane for open string. The overlaps with the RR ground states are period integrals, and the bilinear identity is nothing but the classical Riemann bilinear identity. For B-type objects, the index is the Z_2-signature for closed string while it is the holomorphic Lefschetz number for the open string. The path-integral computation reproduces the Z_2-signature theorem and the Lefschetz fixed-point theorem.

In sections 4 and 5, we consider N = 2 minimal model. We introduce the model as the gauged WZW model (realization (ii)) which can be regarded as the sigma model on the unit disk. We find A-parities that act on the disk as complex conjugation, folding along diameters, and B-parities that act as rotation around the center. We compute the

– 5 – parity-twisted partition functions (Klein bottle amplitudes). We next consider a nonchiral GSO projection that leads to the realization (i), and determine the crosscap states following the general procedure [25]–[32]. (A part of the computation given here was also done in [46], and some earlier results in the context of Gepner models have already been obtained in [47, 48]) In the final subsection of section 4, we entangle the GSO projection and determine the crosscap states of the original N = 2 minimal model. We compute the Klein bottle amplitudes, including parity-twisted Witten index for the closed string, and the result matches with the one from the gauged WZW computation. Section 5 is devoted to the study of parity actions on the D-branes and stretched open strings. The D-branes we consider are A-branes (straight segments in the disk) and B-branes (concentric disks). The geometric picture allows us to read off how the A- and B-parities act on them, which is confirmed by the Möbius strip amplitudes. We also compute the parity-twisted open string Witten index, after entangling the GSO projection for the boundary states.

In section 6, we consider Landau-Ginzburg models. We find that A-parities are antiholomorphic maps of the LG fields such that the superpotential is complex conjugated, and B-parities are holomorphic maps that reverse the sign of the superpotential. We show that the overlaps of the crosscap states and the RR ground states are given by a weighted period integral on the suitably modified orientifold planes, and the parity-twisted Witten indices are intersection numbers of suitably modified branes and O-planes. This general result is applied to the particular example of the LG model of a single field Φ with superpotential W = Φ^{k+2}, which flows in the IR limit to the N = 2 minimal model (realization (iii)). We compute the closed and open string parity-twisted Witten index as well as the overlaps with the RR ground states. The results are in complete agreement with the results from sections 4 and 5.

In sections 7 and 8, we study parity symmetries of linear sigma models. We determine the conditions on the parameters for the theory to be invariant under A-type and B-type parities. These conditions match the ones derived from the non-linear sigma model in the large volume limit, and the ones coming from the LG model at the Gepner point. We also determine the corresponding parity in the mirror Landau-Ginzburg model. In particular, we find that the information on the parity actions on the line bundle L_τ ∗_{B+B} mentioned above has a natural counterpart in the mirror LG model in terms of the type of the orientifold planes. The results are applied to several specific examples where we find highly non-trivial agreement of the mirror models. In section 8, we discuss orientifolds of the system including compact Calabi-Yau sigma models in its moduli space. We classify the possible orientifolds of the quintic hypersurface in C P^4, at least those present for the Fermat type quintic. We find six of them, three A-type and three B-type. Using the linear sigma model, we identify the mirror parities in the mirror quintic. We also discuss issues concerning the spacetime physics of type-II orientifolds on Calabi-Yau manifolds. We count the number of light chiral multiplets and vector multiplets from the closed string. We also discuss spacetime superpotential. Especially, we argue that the moduli space of holomorphic orientifolds is smooth. This last section is a preparation for a more complete analysis of the full orientifold models of string compactification, which is now possible to do as an application of the present paper.

– 6 –

2. Parities and crosscaps in N = 2 theories

In this section, we describe general features of parity symmetry of theories with N = (2, 2) supersymmetry (not necessarily with conformal invariance). In particular, we consider parities that preserve half of the (2, 2) supersymmetry. As in the case with boundaries, we will find essentially two types of parities, A-type and B-type. We will also study and describe the properties of the corresponding crosscap states. Especially, we show that the overlap of the crosscap and the supersymmetric ground states obey certain differential equations with respect to the parameters of the theory. We also find the relation of these overlaps and the parity-twisted Witten indices.

2.1 A-parity and B-parity

2.1.1 Parity of the (2,2) superspace Let us first classify parities of the (2, 2) superspace in 1 + 1 dimensions. The superspace has two bosonic coordinates x^0, x^1 (or x^± = x^0 ± x^1) and four fermionic coordinates θ^±, θ^± = (θ^±)^†. By definition, parity reverses the orientation of the space coordinates x^1 → −x^1+ constant, and therefore exchanges the chirality. Let us consider the ones maintaining the holomorphy of N = 2 supersymmetry: Ω_A : (x^±, θ^+, θ^−, θ^+, θ^−) −→ (x^∓, −θ^−, −θ^+, −θ^−, −θ^+) , Ω_B : (x^±, θ^+, θ^−, θ^+, θ^−) −→ (x^∓, θ^−, θ^+, θ^−, θ^+) .

We shall call the former A-parity, and the latter B-parity. The supersymmetry generators Q_± = ∂/∂θ^± + iθ^±∂/∂x^±, Q_± = −∂/∂θ^± − iθ^±∂/∂x^± are then transformed as

A : Q_± −→ Q_∓ , Q_± −→ Q_∓ , (2.1) B : Q_± −→ Q_∓ , Q_± −→ Q_∓ . (2.2)

The vector and axial R-rotations, U(1)_V and U(1)_A, are also transformed: A-parity reverses U(1)_V and preserves U(1)_A while B-parity preserves U(1)_V and reverses U(1)_A. The differential operators D_± = ∂/∂θ^± − iθ^±∂/∂x^±, D_± = −∂/∂θ^± + iθ^±∂/∂x^± are transformed as A : D_± ↔ D_∓ and B : D_+ ↔ D_−, D_+ ↔ D_−. Accordingly, chiral and twisted chiral superfields are mapped by A-parity and B-parity as A : chiral ←→ antichiral twisted chiral ←→ twisted chiral , B : chiral ←→ chiral twisted chiral ←→ twisted antichiral .

One can modify the above parities by the U(1) R-rotations, A_{α,β} : θ^± → − e^{iα∓iβ} θ^∓, and B_{α,β} : θ^± → e^{−iα±iβ} θ^∓. They transform the supercharges as A_{α,β} : Q_± → e^{−iα∓iβ} Q_∓ , Q_± → e^{iα±iβ}Q_∓ , (2.3) B_{α,β} : Q_± → e^{−iα∓iβ} Q_∓ , Q_± → e^{iα±iβ}Q_∓ . (2.4)

– 7 –

The fixed-point set of Ω_A and Ω_B is x^1 = 0, θ^+ + θ^− = 0, θ^+ + θ^− = 0 and x^1 = 0, θ^+ = θ^−, θ^+ = θ^−, respectively. These are nothing but the A-boundary and B-boundary that are relevant to the superfield description of boundary N = 2 theories [49, 37]. One can also consider parity actions on boundary superspace whose bosonic subspace is the strip 0 ≤ x^1 ≤ π preserved by x^1 ↔ π−x^1. One can consider A-boundaries θ^++θ^− = θ^++θ^− = 0 or B-boundaries θ^+ − θ^− = θ^+ − θ^− = 0 at x^1 = 0 and π. Under both A-parity and Bparity, an A(B)-boundary at x^1 = 0 is mapped to an A(B)-boundary at x^1 = π and vice versa. Chiral superfields on an A-boundary at x^1 = 0 are mapped by A-parity (B-parity) to chiral (antichiral) superfields on an A-boundary at x^1 = π.

2.1.2 A-parity and B-parity in (2, 2) theories In any quantum field theory in 1 + 1 dimensions, a parity symmetry takes the form τ ∘ Ω, where Ω is the space inversion x = (x^0, x^1) → ~x = (x^0, −x^1) and τ is an internal action of the fields. In general, only the combination τ ∘ Ω is a symmetry, not τ and Ω individually. The parity symmetry is realized as an operator P on the Hilbert space of states that commutes with the hamiltonian but inverts the momentum. In a (2, 2) supersymmetric theory, an A-parity and a B-parity take the form P_A = T_A ∘ Ω_A and P_B = T_B ∘ Ω_B respectively, where T_{A,B} are internal actions of the superfields. They are realized as operators on the Hilbert space that transform the supercharges as (2.1) and (2.2) respectively.

In particular, they transform the supercurrents G^μ_±, G^μ_± (μ = 0, 1) as

P_A : G^μ_±(x) → (−1)^μG^μ_∓(~x) , G^μ_±(x) → (−1)^μG^μ_∓(~x) , (2.5) P_B : G^μ_±(x) → (−1)^μG^μ_∓(~x) , G^μ_±(x) → (−1)^μG^μ_∓(~x) . (2.6)

If the system has vector and/or axial R-symmetry, and if the parity respects them, the R-currents are transformed as

P_A : J^μ_V (x) → −(−1)^μJ^μ_V (~x) , J^μ_A(x) → (−1)^μJ^μ_A(~x) , (2.7) P_B : J^μ_V (x) → (−1)^μJ^μ_V (~x) , J^μ_A(x) → −(−1)^μJ^μ_A(~x) . (2.8)

For each A-parity P_A we obtain an A_{α,β}-parity by combining it with the R-symmetry: P_{Aα,β} = e^{−iαFV −iβFA} P_A. Similarly, a B_{α,β}-parity can be obtained: P_{Bα,β} = e^{−iαFV −iβFA} P_B . (We define the transformation of operators by a symmetry U by O → U^{−1}OU.)

An A-parity in one theory is mapped to a B-parity of the mirror, since mirror symmetry exchanges Q_− and Q_−. Also, mirror symmetry exchanges A_{α,β} and B_{β,α}.

2.1.3 Parity actions on chiral superfields For example, let us consider the theory of a single chiral superfield Φ(x, θ) = Φ(x^±, θ^±, θ^±) with the lagrangian L = ∫ d^4θ ΦΦ .

Since the measure d^4θ = dθ^+dθ^−dθ^−dθ^+ is invariant under both Ω_A and Ω_B, the lagrangian

– 8 – is invariant under

A : Φ(x, θ) −→ Ω^∗_AΦ(x, θ) = Φ(Ω_A(x, θ)) , (2.9) B : Φ(x, θ) −→ Ω^∗_BΦ(x, θ) = Φ(Ω_B(x, θ)) . (2.10)

The right hand sides are both chiral superfields: Ω^∗_B Φ is chiral as we have seen, while Ω^∗_AΦ is antichiral and therefore its hermitian conjugate Ω^∗_AΦ is chiral. In this way they determine consistent transformations of the field, Φ → P^{−1}_A ΦP_A and Φ → P^{−1}_B ΦP_B . They realize an A-parity and a B-parity, P^{−1}_A Q_±P_A = Q_∓ and P^{−1}_B Q_±P_B = Q_∓. For P_B this is because (2.2) says that Ω^∗_B[Q_±, Φ] = [Q_∓, Ω^∗_B Φ], which means that P^{−1}_B [Q_±, Φ]P_B = [Q_∓, P^{−1}_B ΦP_B ]. For P_A, (2.1) says Ω^∗_A[Q_±, Φ] = [Q_∓, Ω^∗_AΦ] and its hermitian conjugate equation is P^{−1}_A [Q_±, Φ]P_A = [Q_∓, P^{−1}_A ΦP_A]. In terms of the component fields, Φ = ϕ + θ^+ψ_+ + θ^−ψ_− + θ^+θ^−F + · · ·, the actions are as follows:

P_A : ϕ(x) −→ ϕ(~x) ψ_±(x) −→ ψ_∓(~x) F (x) −→ F (~x) (2.11)

P_B : ϕ(x) −→ ϕ(~x) ψ_±(x) −→ ψ_∓(~x) F (x) −→ −F (~x) (2.12)

The parity transformations (2.9) and (2.10) are essentially those used in more interesting systems described in terms of chiral superfields, such as non-linear sigma models (section 3), Landau-Ginzburg models (section 6) and linear sigma models (sections 7 and 8). In the last example, we will also encounter parity actions on twisted chiral superfields.

2.1.4 Unbroken supersymmetry and the Witten index Half of the (2, 2) supersymmetry is invariant under A-parity and B-parity. The invariant combinations are respectively

Q_A = Q_+ + Q_−, Q^†_A = Q_+ + Q_− , (2.13) Q_B = Q_+ + Q_−, Q^†_B = Q_+ + Q_− . (2.14)

These are the same as the supercharges that are preserved by A-branes and B-branes [45, 22]. Q = Q_A or Q_B obey {Q, Q^†} = 2H , Q^2 = 0 , (2.15) which are the relations of N = 2 supersymmetric quantum mechanics. The symmetry generated by Q_A, Q^†_A and Q_B, Q^†_B shall be called N = 2_A and N = 2_B supersymmetries respectively.

One may consider the Witten index with a twist by P = P_A or P_B

I_P = Tr_{HRR} (P (−1)^F e^{−βH} ) . (2.16)

As a consequence of supersymmetry (2.15), it receives a contribution only from the ground states, and is invariant under supersymmetric deformations of the theory. In particular, it is independent of β and of the radius of the circle on which the system is quantized.

– 9 –

One can also consider the parity of an open string stretched between D-branes. Under both A-parity and B-parity, A(B)-branes are mapped to A(B)-branes. Furthermore an open string stretched between A(B)-branes preserves the N = 2 supersymmetry generated by Q_A and Q^†_A (Q_B and Q^†_B ), which are invariant under an A(B)-parity. For an A(B)-brane a and its image P a under A(B)-parity P = P_A(P_B ), one can also consider the Witten index

I_P (a, P a) = Tr_{Ha,P a} (P (−1)^F e^{−βH} ) , (2.17)

where H_{a,P a} is the space of states of the a-P a string. It receives contributions only from the supersymmetric ground states and is a topological invariant of the open string system.

The modified versions A_{α,β} and B_{α,β} may or may not preserve half of the supersymmetry. A_{α,β}-parity (resp. B_{α,β}-parity) preserves an N = 2 supersymmetry if and only if β ∈ πZ (resp. α ∈ πZ). The invariant combinations are Q_{Aα,β} = Q_+ + e^{iα+iβ} Q_− , Q^†_{Aα,β} = Q_+ + e^{−iα−iβ}Q_− , β ∈ πZ , Q_{Bα,β} = Q_+ + e^{iα+iβ} Q_− , Q^†_{Bα,β} = Q_+ + e^{−iα−iβ}Q_− , α ∈ πZ. Thus for such values of β (resp. α), the twisted Witten indices are deformation invariants of the theory.

2.2 Crosscap states

For each parity symmetry P = τ ∘ Ω, there is a so-called

Figure 1: Crosscap ⟨Σ|C_P ⟩.

‘crosscap state’ |C_P ⟩ which can be used to express partition functions on unorientable surfaces [50, 51]. Let Σ be an orientable or unorientable surface with an oriented boundary circle around which Σ is flat, as in figure 1. We choose a coordinate system (σ^1, σ^2), σ^1 ≡ σ^1 + 2π, σ^2 ≥ 0, where the boundary circle is at σ^2 = 0 and is parametrized by σ^1. We glue Σ and its copy Σ along the boundary circles to make a double Σ#Σ which has an involution Ω that extends (σ^1, σ^2) → (σ^1 + π, −σ^2). Consider a path integral over the fields on this double Σ#Σ obeying the condition O = τΩ^∗O.

The crosscap state is defined by the property that the path-integral is expressed as ⟨Σ|C_P ⟩, where ⟨Σ| is the state at the boundary circle resulting from the path-integral over the fields on Σ. The fields are periodic along the circle if and only if P is involutive, P^2 = id. If not, |C_P ⟩ belongs to the sector in which the fields obey the twisted boundary condition O(σ^1, σ^2) = P^{−2}O(σ^1 + 2π, σ^2)P^2. In such a case, the pairing ⟨Σ|C_P ⟩ makes sense only if ⟨Σ| belongs to the sector with the same periodicity (which can be realized, say, by inserting a twist operator in the interior of Σ).

We study its properties when P is an A-parity or a B-parity, or their variants.

2.2.1 Current conditions The transformation rule of the currents (2.5)–(2.7) or (2.6)–(2.8) yields current conditions on the crosscap states. We write them down using the ‘tree-channel’ coordinates (σ^1, σ^2)

– 10 – which are obtained from the ‘loop-channel’ Minkowski coordinates (x^0, x^1) via Wick rotation and 90^∘-rotation.^1 The crosscap state |C_{PA} ⟩ for an A-parity P_A obeys the following condition for z = (σ^1, σ^2) → ~z = (σ^1 + π, −σ^2):

G^μ_+(z) − i(−1)^μG^μ_−(~z) = G^μ_+(z) − i(−1)^μG^μ_−(~z) = G^μ_−(z) + i(−1)^μG^μ_+(~z) = G^μ_−(z) + i(−1)^μG^μ_+(~z) = 0 , J^μ_V (z) − (−1)^μJ^μ_V (~z) = J^μ_A(z) + (−1)^μJ^μ_A(~z) = 0. (2.18)

where μ = 1, 2. The crosscap state |C_{PB} ⟩ for a B-parity P_B obeys

G^μ_+(z) − i(−1)^μG^μ_−(~z) = G_+(z) − i(−1)^μG_−(~z) = G^μ_−(z) + i(−1)^μG_+(~z) = G_−(z) + i(−1)^μG_+(~z) = 0 , J^μ_V (z) + (−1)^μJ^μ_V (~z) = J^μ_A(z) − (−1)^μJ^μ_A(~z) = 0 . (2.19)

The supercurrents are periodic along the circle since P^2_A and P^2_B act trivially on the supercurrent. Namely, the crosscap states for A-parity and B-parity belong to sectors in which the supercurrents are periodic, such as Ramond-Ramond sector. The R-charges q_V = ∫ J^2_V (σ^1)dσ^1, q_A = ∫ J^2_A(σ^1)dσ^1 of the crosscap states are also constrained; The crosscap state for A-parity (B-parity) has vanishing axial (vector) R-charge q_A = 0 (q_V = 0).

Let us next consider the ‘bra-crosscap’ which is defined as the dagger of the ‘ketcrosscap’ ⟨C_P | := |C_P ⟩^† . For P = P_A or P_B , the condition obeyed by this state is

Figure 2: Crosscap ⟨C_P |Σ⟩.

obtained by taking the dagger of (2.18) or (2.19). Note that each factor of i receives a minus sign under dagger. Thus, the bra-crosscap ⟨C_P | fulfills the same condition as the ketcrosscap |C_{(−1)}F_P ⟩ for the parity (−1)^F P . In other words, the fields are subject to the condition O = (−1)^{|O|}τΩ^∗O at the state ⟨C_P | where |O| is the mod 2 fermion number of O.^2 See figure 2.

The crosscap states |C_{PAα,β} ⟩ and |C_{PBα,β} ⟩ for A_{α,β} and B_{α,β} -parities obey the same R-current conditions as above but the supercurrent conditions are modified as

A_{α,β} : G^μ_±(z) ∓ i(−1)^μ e^{iα±iβ} G^μ_∓(~z) = G^μ_±(z) ∓ i(−1)^μ e^{−iα∓iβ} G^μ_∓(~z) = 0 , (2.20) B_{α,β} : G^μ_±(z) ∓ i(−1)^μ e^{iα±iβ} G^μ_∓(~z) = G_±(z) ∓ i(−1)^μ e^{−iα∓iβ} G_∓(~z) = 0 . (2.21)

1(σ^1, σ^2) here is (ix^0, −x^1) there. The tree-channel supercurrents are related to those of the loop channel as G^{loop}_± = e^{±πi/4}G^{tree}_± . The factors of i that appear in (2.18) or (2.19) have their origin in the phase factor e^{±πi/4} here.

2To be more precise, |O| is twice the mod Z spin of O. However, we only consider theories in which the spin-statistics correlation holds and the two definitions of |O| agree.

– 11 –

The supercurrents fulfill the boundary condition G^μ_±(σ^1) = e^{∓2iβ} G^μ_±(σ^1 +2π) (for |C_{PAα,β} ⟩) and G^μ_±(σ^1) = e^{−2iα}G^μ_±(σ^1 + 2π) (for |C_{PBα,β} ⟩). Note that they are periodic if and only if the parity preserves an N = 2 supersymmetry. We often call those parities ~A-parity or ~Bparity if the crosscap states belong to sectors in which the supercurrents are anti-periodic, such as the Neveu-Schwarz-Neveu-Schwarz sector. (A_{α,β} is an ~A-parity iff β ∈ π(Z+^1_2 ), and B_{α,β} is a ~B-parity iff α ∈ π(Z +^1_2 ).) Taking the dagger, one realizes that the bra-crosscap state ⟨C_P | obeys the same condition as the ket-crosscap state for the parity (−1)^F P (see figure 2).

2.2.2 Partition functions and crosscaps Let us consider the pairing of the crosscap states ⟨C_{P1} |q^H_t |C_{P2} ⟩ for two parities P_i = τ_i ∘ Ω. This can be identified as the partition function on the Klein bottle (x, y) ≡ (x + 2, y) ≡ (−x, y + 1) with a suitable metric, where the fields fulfill the following boundary conditions

O(x, y) = τ_2O(2 − x, y + 1) = (−1)^{|O|}τ_1O(−x, y + 1) .

Here (−1)^{|O|} is the mod 2 fermion number of O whose appearance here is explained above. It follows that O(x, y) = (−1)^{|O|}τ_1O(2 − (x + 2), y + 1) = (−1)^{|O|}τ_1τ^{−1}_2 O(x + 2, y). Namely, the fields obey the boundary condition

O(x, y) = U^{−1}O(x + 2, y)U , where U = (−1)^F P_1P^{−1}_2 . (2.22)

Thus, the pairing can be identified as the twisted partition function

⟨C_{P1} |q^H_t |C_{P2} ⟩ = Tr_{H(−1)F P1P −12} (−1)^F P_2q^H_l , (2.23)

where H_{(−1)F P1P} −1_2 is the space of states with the twisted boundary condition (2.22). Using this, one can express various twisted partition functions with the help of the crosscap states. For example, the partition function in the NSNS sector can be written as

Tr_{HNSNS} P q^H = ⟨C_{(−1)}F_P |q^H_t |C_{(−1)}F_P ⟩ . (2.24)

Also, the twisted Witten index can be expressed as

I_P = Tr_{HRR} (−1)^F P q^H = ⟨C_{(−1)}F_P |q^H_t |C_P ⟩ . (2.25)

The twisted Witten index for a supersymmetric open string can be obtained in terms of crosscap and boundary states

I_P (a, P a) = Tr_{Ha,P a} (P (−1)^F e^{−βH} ) = ⟨B_a|q^H_t |C_P ⟩ . (2.26)

Here it is important that the boundary state ⟨B_a| is chosen in such a way that it preserves the same supersymmetry as |C_P ⟩ does.

– 12 –

2.3 Overlap with supersymmetric ground states

For D-branes, the overlaps of the boundary states and the RR ground states are their important characteristics — they obey certain differential equations with respect to the parameters of the theory, and also carry information on the RR charge and tension [22]. Here we study the analogs for orientifolds. Let P be an A-parity or a B-parity. One may also consider a variant that preserves an N = 2 supersymmetry (namely A_{α,β} with β ∈ πZ or B_{α,β} with α ∈ πZ). In such cases, the crosscap states |C_P ⟩ and ⟨C_{(−1)}F_P | are in the sector in which the supercurrents are periodic, that is, a sector with (2, 2) supersymmetry. Therefore, one can consider the overlaps with the supersymmetric ground states |i⟩ in that sector:

Π^P_i = ⟨C_{(−1)}F_P |i⟩ , ~Π^P_i = ⟨i|C_P ⟩ . (2.27)

We study the properties of such overlaps.

2.3.1 Dependence on parameters Let us study the dependence of the overlaps on the parameters of the theory. Let P be an A-parity (or an A_{α,β}-parity with β ∈ πZ) in a theory that admits a B-twist. As the ground states |i⟩, we use those corresponding to cc ring elements ϕ_i. One important point is that parity symmetry imposes constraints on the allowed deformations of the theory. Thus the parameter space is generally reduced. For A-parities, the constraints are holomorphic for twisted chiral parameters and antiholomorphic for the chiral parameters. This will be explained in several examples in later sections.

Let us first consider twisted F-term deformations. Since the constraints are holomorphic, the allowed twisted chiral parameters are complex. It is easy to see, using the standard techniques as in [22] that the overlaps are invariant under the allowed twisted F-term deformations ∂Π^P_i ∂t_{ac} = 0 , ∂Π^P_i ∂t_{ac} = 0 . (2.28)

Let us next study the F-term deformations. Since the constraints are antiholomorphic, the allowed chiral parameters are real. To be more precise, the allowed moduli space is a middle dimensional real subspace of the (complex) moduli space of all chiral parameters t^i. Let t^i = x^i+iy^i be the decomposition into the tangent direction x^i and orthogonal directions y^i. It can then be shown that the overlaps obey the following differential equations:

(∇_xi Π^P )_j = (D_xi δ^k_j + βC^k_yi_j )Π^P_k = 0 ,

(∇_xi Π^P )_ȷ = (D_xi δ^k_ȷ + βC^k_yi_ȷ)Π^P_k = 0 , (2.29)

where β is the circumference of the boundary circle S^1. Here D_xi is the covariant derivative of the vacuum bundle [52] in the direction of x^i, and C^k_yi_j = iC^k_{ij} − iC^k_{ıj} ,

– 13 –

Figure 3: The semi-infinite RP^2.

where C^k_{ij} are the structure constants of the chiral ring and C^k_{ıj} = g^{kl}g_{jm}C^m_{ıl} . The relations (2.28)–(2.29) can be shown by the standard gymnastics in tt^∗ equation, using the worldsheet in figure 3, just as in the derivation of the similar equation for overlaps with boundary states. The essential point is that the contour integral of the supercurrent bounces back at the boundary of the cigar, with G_± turned into ±iG_∓ via the supercurrent condition at the crosscap shown in eq. (2.18). In the derivation of (2.29), we consider t^i and t^ı variations in the combination of ∂/∂x^i = ∂/∂t^i + ∂/∂t^ı. From the t^i-variation we obtain the term −iβC^k_{ij}ϕ_k and from the t^ı-variation we obtain the term +iβC^k_{ıj} ϕ_k. The sum is −βC^k_{yij}ϕ_k which is the origin of the second term in (2.29). Essentially the same relation holds for the other overlaps ~Π^P_i = ⟨i|P ⟩: they do not depend on the twisted F-term deformations, and satisfy the follwing equation for the F-term deformations

(∇_xi ~Π^P )_j = (D_xi δ^k_j − βC^k_yi_j )~Π^P_k = 0 ,

(∇_xi ~Π^P )_ȷ = (D_xi δ^k_ȷ − βC^k_yi_ȷ)~Π^P_k = 0 . (2.30)

2.3.2 Bilinear identities Let P be a supersymmetric parity (an A-parity or a B-parity or their variant preserving an N = 2 supersymmetry). We have seen that the twisted Witten index is expressed as the pairing I_P = ⟨C_{(−1)}F_P | e^{−T H} |C_P ⟩. Using a complete basis |N⟩ of the closed string states, this can be rewritten as ∑ N ⟨C_{(−1)}F_P |N⟩ e^{−T EN} ⟨N|C_P ⟩. Note that |C_P ⟩ belongs to a sector in which there is a (2, 2) supersymmetry and hence the intermediate energies are non-negative, E_N ≥ 0, with E_N = 0 corresponding to the supersymmetric ground states. Now we use the fact that the Witten index is independent of the deformation parameters, in particular T . The limit T → ∞ projects out the positive energy states and we are left with I_P = ∑ i,ȷ⟨C_{(−1)}F_P |i⟩g^{iȷ}⟨ȷ|C_P ⟩, or I_P = Π^P_i g^{iȷ} ~Π^P_ȷ , (2.31)

where g^{iȷ} is the inverse of g_{ıj} = ⟨ı|j⟩. Similarly, for the twisted Witten index for the a–P a open string we have I_P (a, P a) = Π^a_i g^{iȷ} ~Π^P_ȷ . (2.32)

The following must also hold I_P (P a, a) = Π^P_i g^{iȷ} ~Π^a_ȷ . (2.33)

– 14 –

Figure 4: The bilinear identities (2.31), (2.32) and (2.34).

Figure 5: Applying parity to the cylinder.

These generalize the more standard expression for the open string Witten index I(a, b) = Π^a_i g^{iȷ} ~Π^b_ȷ . (2.34) These ‘bilinear identities’ are summarized in figure 4. 2.3.3 Other identities Applying the parity symmetry to partition and correlation functions, one can derive several identities of different type. The first identity is obtained by applying the parity symmetry to the path-integral on the cylinder. As is evident from figure 5, we find the relation between the open string Witten indices I(a, b) = I(P b, P a) . (2.35) By applying the parity to semi-infinite cigars, we obtain Π^a_i = ~Π^{P a}_{P (i)} , ~Π^a_ı = Π^{P a}_{P (ı)} , (2.36) where P (i) is the label for the ground state obtained by applying P to the ground state labelled by i. (Similarly for P (ȷ).) Note that (2.35) also follows from these relations applied to the bilinear identity (2.34), with the help of unitarity of the parity operator P . Application of parity to the semi-infinite RP^2 yields Π^P_i = ~Π^P_{(i)} , ~Π^P_{(ı)} = Π^P_{(ı)} . (2.37)

– 15 –

It follows from (2.36) and (2.37) and from the unitarity of P that

Π^a_i g^{iȷ} ~Π^P_ȷ = Π^P_i g^{iȷ} ~Π^{P a}_ȷ . (2.38)

This relation ensures the consistency of the two bilinear identities for boundary and crosscap states, (2.32) and (2.33).

3. Geometric picture

In this section, the general theory of parity symmetry and crosscap states developed in the previous section is applied to and illustrated by the examples of non-linear sigma models on Kähler manifolds. The classical action of the sigma model on a Kähler manifold (X, g) is L = ∫ K(Φ, Φ) d^4θ .

K(z, z) is a Kähler potential in a coordinate patch on which the metric is expressed as g_{iȷ} = ∂_i∂_ȷK. We start by studying the parity invariance of this classical action.

3.1 Antiholomorphic and holomorphic involutions We recall the basic parity actions on a chiral superfield, (2.9), (2.10),

A : Φ −→ Ω^∗_AΦ , B : Φ −→ Ω^∗_BΦ ,

which are A- and B-parities respectively. Similarly, for a holomorphic coordinate transformation f^i(z) = f^i(z^1, . . . , z^n) (i = 1, . . . , n), the transformations of the form Φ^i → f^i(Ω^∗_AΦ) and Φ^i → f^i(Ω^∗_B Φ) are A- and a B-parities. We would like to find such actions that leave the lagrangian invariant. Since the measure d^4θ is invariant under both Ω_A and Ω_B, what we need to find is a transformation that leaves the Kähler potential invariant, up to a Kähler transformation K(z, z) → K(z, z) + g(z) + g(z).

Let f : X → X be a holomorphic and isometric diffeomorphism. Using complex coordinates, it can be represented as f : z^i → f^i(z) where f^i(z) are holomorphic functions of z = (z^1, . . . , z^n) obeying K(f(z), f(z)) = K(z, z), up to a Kähler transformation. Thus, the sigma model action is invariant under a B-parity

Φ^i → f^i(Ω^∗_BΦ) .

Let f : X → X be an antiholomorphic and isometric diffeomorphism. It can be represented as f : z^i → h^ı(z) where h^ı(z) are holomorphic functions of z obeying K(h(z), h(z)) = K(z, z), up to a Kähler transformation. Thus, the sigma model action is invariant under an A-parity Φ^i → h^ı(Ω^∗_AΦ) .

Thus, classically the sigma model has an A-parity symmetry for each antiholomorphic isometry and a B-parity symmetry for each holomorphic isometry. Note that both of the above can be regarded as the action f ∘ Ω on the component fields, ϕ^i, ψ^i_±.

– 16 –

One can state (anti-)holomorphicity of a map in terms of the Kähler form ω =^i_2 g_{iȷ}dz^i ∧ dz^ȷ. An isometry f : X → X is holomorphic if and only if it preserves the Kähler form, f^∗ω = ω . It is antiholomorphic if and only if it reverses the Kähler form, f^∗ω = −ω . Thus, holomorphic and antiholomorphic isometries can be regarded respectively as symplectic and anti-symplectic maps with respect to the Kähler form ω.

3.2 Parity anomaly So far our considerations have been exclusively in the classical system. In the quantum theory, we always have to check the potential anomaly. It turns out that the B-parity is always anomaly-free but the A-parity is potentially in danger. Let ϕ : Σ → X be a map of the worldsheet into the target space. For this bosonic background the path-integral measure of the fermions Ψ = (ψ_±, ψ_±) changes under A-parity (that acts on the bosonic part as ϕ → ϕ^′ = f ∘ ϕ ∘ Ω where Ω is the worldsheet orientation reversal) as D_ϕΨ −→ (−1) ∫ Σ ϕ^∗c_1(X)D ϕ^′ Ψ .

This is seen by looking at the action on the fermion zero modes. The detail will be discussed in section 4.2.1 where the parity anomaly of supersymmetric gauged WZW models is considered (in which ‘A’ and ‘B’ are exchanged). The sign (−1)^∫Σ^{ϕ∗c1(X)} is the anomaly. It is always trivial when X is spin so that c_1(X) is even. (Recall that the second Stiefel- Whitney class w_2(X), the obstruction against spin structures, is the mod 2 reduction of c_1(X).) In particular, the A-parity is anomaly-free if X is Calabi-Yau.

The anomaly can be cancelled by combining the parity action with (−1)^{FR} which flips the sign of ψ_− and ψ_−. This is the option that will be used in the gauged WZW model. There is an alternative way using B-fields which we discuss now.

3.2.1 Anomaly cancellation by B-field The B-field term of the sigma model ∫ Σ ϕ^∗B flips by sign under the worldsheet orientation reversal Ω. The only way to make the term invariant is to combine it with a diffeomorphism f : X → X such that f^∗[B] = −[B], where [B] ∈ H^2(X, R) is the cohomology class represented by B. However, since the B-field enters into the path-integral weight in the form e^{i ∫}Σ^{ϕ∗B} , one may have a shift of [B] by 2π times an integral class. Thus the condition of invariance is f^∗[B] = −[B] mod 2πH^2(X, Z). This is the whole story for a B-parity which is always anomaly-free. In the case of an A-parity, one may use this freedom of choosing the B-field to cancel the anomaly (−1)^∫Σ^{ϕ∗c1(X)}. This works out if the B-field is chosen such that f^∗[B] = −[B] + πc_1(X) mod 2πH^2(X, Z). Recalling the action on the Kähler form of holomorphic and antiholomorphic isometries, we find the following: An A-parity is a symmetry if it acts on the complexified Kähler form as A : f^∗[ω − iB] = −[ω − iB] + πic_1(X) mod 2πiH^2(X, Z),

– 17 – whereas a B-parity is a symmetry if it acts as the complex conjugation B : f^∗[ω − iB] = [ω − iB] mod 2πiH^2(X, Z). Let us choose an integral basis {ω_a} of H^2(X, R) and express the complexified Kähler class as [ω − iB] = ∑ a ω_at^a. If the action of f on H^2(X) is f^∗ω_a = ∑ b f^b_a ω_b, the condition of unbroken symmetry is written as

A : t^bf^a_b = −t^a + πic_1(X)^a + 2πin^a , n^a ∈ Z , (3.1) B : t^bf^a_b = t^a + 2πim^a , m^a ∈ Z , (3.2)

where c_1(X) = ∑ a ω_ac_1(X)^a. We find holomorphic constraints on t^a for A-parities but antiholomorphic constraints for B-parities. For B-parities, we loose a half of the complexified Kähler moduli.

Remark. If dim H^2(X) = 1 (as is the case for C P^n, Grassmannian, and submanifolds therein of dimensions > 2), an antiholomorphic map f acts on H^2(X) by a sign flip. Then, the equation (3.1) is satisfied if and only if c_1(X) is even, i.e. X is spin. Thus, for a non-spin manifold X with b^2(X) = 1 (such as C P^{even} ), the A-parity anomaly cannot be canceled by a B-field. However, if dim H^2(X) > 1, there are cases in which this works. For example consider X = C P^{2m} × C P^{2m} and the map (z_1, z_2) → (z_2, z_1), where z → z is an antiholomorphic map of C P^{2m}. Since c_1(C P^{2m}) is (2m + 1) times the integral generator, the equation (3.1) reads ( −t^2 −t^1 ) = − ( t^1 t^2 ) + πi ( 2m + 1 2m + 1 ) + 2πi ( n^1 n^2 ) . This has a solution (t^1, t^2) = (t, t − πi).

3.3 Witten index

We compute the parity-twisted Witten indices in the non-linear sigma model. Throughout this subsection we consider involutive parities. We start with the case without B-field.

3.3.1 General formula We first present the index formula that applies to a general riemannian manifold X for which the sigma model has N = (1, 1) supersymmetry. We consider a parity of the form P = τ ∘ Ω where τ : X → X is an involution of X, which acts on the fields as ϕ^I (x) → τ^I (ϕ(~x)), ψ^I_±(x) → τ^I_{∗J} ψ^J_∓(~x), in the notation using real coordinates of X. This preserves the diagonal N = 1 supersymmetry.

The closed string twisted Witten index is the partition function on the Klein bottle (x_1, x_2) ≡ (x_1 + L_1, x_2) ≡ (−x_1, x_2 + L_2) with periodic boundary conditions along x_1, x_1 → x_1 + L_1, but with the twisted boundary condition along x_2:

ϕ^I (x_1, x_2) = τ^I (ϕ(−x_1, x_2 + L_2)) , ψ^I_±(x_1, x_2) = τ^I_{∗J} ψ^J_∓(−x_1, x_2 + L_2) .

– 18 –

Because of the N = 1 supersymmetry, the computation localizes on the zero modes, which are the constant maps to the submanifold X^τ ⊂ X of τ-fixed points. The relevant computation is performed in [53] (following [54, 55]) and the result is

I_{τ Ω} = ∫ X^τ L(T (X^τ )) L(N(X^τ )) e(N(X^τ )) , (3.3)

where T (X^τ ) and N(X^τ ) are the tangent and normal bundles of X^τ (in X), which has an orientation determined by the type of parity action. L(V ) and e(V ) are the Hirzebruch L-genus and the Euler class. An outline of the derivation is recorded in appendix A. Note that we allow X^τ to have many components — the above formula is understood as the sum of the integrals over all the components of X^τ . The same remark applies to the formulae below.

We next consider an open string with one end on a D-brane wrapped on W ⊂ X and supporting a vector bundle E and the other end on the parity image (τW, τE). The image bundle τE is topologically τ^∗E, where the complex conjugation is involved because the left and the right boundaries of the string worldsheet have opposite orientation. The N = 1 supersymmetry survives the D-brane boundary condition as well as τΩ, and one can consider the τΩ-twisted Witten index. It is represented as the partition function on the Möbius strip (x_1, x_2) ≡ (L_1 − x_1, x_2 + L_2), 0 ≤ x_1 ≤ L_1, with the standard Dirichlet/Neumann boundary conditions on x_1 = 0 and x_1 = L_1, and the periodicity along x_2 as above (where −x_1 there replaced by L_1 − x_1). This also localizes on the zero modes, which are constant maps to W ∩X^τ . By a computation similar to [53] we find the following expression

I_{τ Ω}((W, E), (τW, τE)) = (3.4) = ∫ W ∩X^τ 2^{dimr Xτ − 12 dimr X} ch(E) √ ^A(T (W )) ^A(N(W )) √ L(^1_4 T (X^τ )) L(^1_4 N(X^τ )) e(N(W ) ∩ N(X^τ )) , where dim_r X^τ and dim_r X are real dimensions of X^τ and X. See appendix A for the derivation. ^A(V ) is the A-roof genus. We note that the formula could be changed by an overall sign, I → −I, depending on the type of the parity action.

Let us now specialize to the parity symmetries that preserve an N = 2 supersymmetry. X is thus assumed to be a Kähler manifold.

3.3.2 A-parity Let us consider an A-parity τΩ that is associated with an antiholomorphic and isometric involution τ : X → X. In such a case, the fixed-point set X^τ is a middle dimensional lagrangian submanifold of X. Then, rankN(X^τ ) = rankT (X^τ ) and the Euler class e(N(X^τ )) in the index formula (3.3) saturates the dimension of X^τ . The index is thus the integral of just the Euler class of the normal bundle. The Euler class is the obstruction against trivialization and counts the number of zeroes of a generic section of the bundle. On the other hand, a section of the normal bundle simply corresponds to a deformation of X^τ inside X, and its zero corresponds to the intersection of X^τ and its deformation. Thus,

– 19 – the index is nothing but the self-intersection number

I_{τ Ω} = ∫ X^τ e(N(X^τ )) = #(X^τ ∩ X^τ ) . (3.5)

Let us next consider an A-brane wrapped on a lagrangian submanifold L ⊂ X. Since L and X^τ are both middle dimensional, we have rank(N(L) ∩ N(X^τ )) = dim(L ∩ X^τ ). The Euler class in the formula (3.4) again saturates, and we find I_{τ Ω}(L, τL) = ∫ L∩X^τ e(N(L) ∩ N(X^τ )) = #(L ∩ X^τ ) . (3.6)

3.3.3 B-parity We next consider the B-parity associated with a holomorphic involution τ : X → X. The general formula from the path-integral is compared with the consideration from the canonical formalism. This reproduces the various signature and fixed-point theorems.

Closed string. The supersymmetric ground states of the sigma model are in one to one correspondence with the Harmonic forms or de Rham cohomology classes where the correspondence is given by ψ^i_− ∼ dz^i, ψ^ȷ_+ ∼ dz^ȷ, ψ^ȷ_− ∼ g^{iȷ}i_{∂/∂z}i and ψ^i_+ ∼ g^{iȷ}i_{∂/∂z}ȷ . The parity action Ω : ψ^i_− ↔ ψ^i_+, ψ^ȷ_− ↔ ψ^ȷ_+ therefore corresponds to the Hodge ∗-operator that sends H^{p,q}(X) to H^{n−q,n−p}(X). Thus, the twisted Witten index, which receives contribution only from the ground states is identified as the signature of X;

I_Ω = ∑ p+q=n (−1)^n tr_Hp,q_{(X)}(∗) = Sign(X) . (3.7)

Since the fixed-point set X^τ is X itself the formula (3.3) tells

Sign(X) = ∫ X L(T (X)) , (3.8)

which is nothing but the Hirzebruch signature formula. If τ is a non-trivial (holomorphic) involution, the twisted Witten index is identified as the Z_2-signature,

I_{τ Ω} = ∑ p+q=n (−1)^n tr_Hp,q_{(X)}(τ^∗ ∘ ∗) = Sign(τ, X) . (3.9)

The formula (3.3) is nothing but the G-signature formula for the case of G = Z_2.

Open string. Let us next consider the twisted Witten index for open string stretched between B-branes. Here we restrict our attention to B-branes wrapped totally on the target space, W = X, and supporting a holomorphic vector bundle E over X. We note the standard subtlety in the normal coordinate expansion in the evaluation of the index, and here we take the one natural for the holomorphic category, resulting in a replacement of the A-roof genus in the formula by the Todd class. Then the index formula is

I_{τ Ω}(E, τ^∗E) = ∫ X^τ 2^{dimrXτ − 12 dimr X} ch(E) √ td(X) √ L(^1_4 T (X^τ )) L(^1_4 N(X^τ )) = ∫ X^τ ch(2E) td(X^τ ) ch( ⋀ N_Xτ ) . (3.10)

– 20 –

The second equality is an algebraic identity, where N_Xτ is the antiholomorphic part of the complexified normal bundle (see appendix A for a proof).

Let us now study the index in the canonical formalism. In the zero mode approximation (which gives the exact answer for the index), the open string states are antiholomorphic forms on X with values in E ⊗ τ^∗E, where the identification is based on ψ^ı_− + ψ^ı_+ ∼ dz^ı and ψ^i_− + ψ^i_+ ∼ g^{iȷ}i_{∂/∂z}ȷ . The supercharges are identified as the Dolbeault operator ∂ and the supersymmetric ground states are the Dolbeault cohomology classes

H^{zero mode}

SUSY = n⨁ p=1 H^{0,p}(X, E ⊗ τ^∗E). The parity τΩ acts naturally on antiholomorphic forms as dz^ı · · · → τ^∗(dz^ı · · ·) since Ω simply exchanges ψ^ı_− ↔ ψ^ı_+, leaving ψ^ı_− + ψ^ı_+ fixed. The action τ_{CP} of the parity on the Chan-Paton factor E ⊗ τ^∗E can be of various types [56, 57, 58], although it is basically the exchange of the left and the right factors. τ^∗ combined with such an action τ_{CP} on the Chan-Paton bundle defines a map τ of H^{0,p}(X, E ⊗ τ^∗E) into itself. This is the action of parity on the ground states in the zero mode approximation. Thus, the index is identified as

I_{τ Ω}(E, τ^∗E) = n∑ p=1 (−1)^p tr_H0,p_{(X,E⊗τ} ∗_{E)}( τ ) =: L(τ, E^∨ ⊗ τ^∗E^∨) . (3.11)

This number is known as the holomorphic Lefschetz number.

We obtained two representations of the Witten index, one (3.10) from the path-integral and another (3.11) from the canonical formalism. The two must agree. Here we quote the Lefschetz fixed-point theorem [59] which expresses the holomorphic Lefschetz number by topological data. Let g : V → V be a holomorphic bundle isomorphism covering a holomorphic automorphism g : X → X. The theorem states L(g, V ) := n∑ p=0 (−1)^p tr_H0,p_{(X,V )}( g ) = ∫ X^g ch_g(V |_Xg ) td(X^g) ch_g(∧_{−1}N_Xg )

. (3.12)

Here ch_g is the g-twisted Chern character and ∧_{−1}N_Xg := ∧^{even}N_Xg − ∧^{odd}N_Xg . In the present case, since τ is involutive and hence is just a (−1) on the normal bundle, we find ch_τ (∧_{−1}N_Xτ ) = ch(∧N_Xτ ). Now, with this fixed-point theorem (3.12), the canonical formula (3.11) looks very much close to the path-integral formula (3.10). Indeed, they agree as we now see in several cases (up to an important sign difference in certain cases). In other words, the path-integral result reproduces the fixed-point theorem.

Case I: E = O, τ_{CP} = simple exchange.

In this case the action on the Chan-Paton factor O ⊗ τ^∗O ∼= O is trivial. Thus, the twisted index can be identified as

I_{τ Ω}(O, O) = n∑ p=1 (−1)^p tr_H0,p_{(X)}(τ^∗) = L(τ, O) , (3.13)

the original holomorphic Lefschetz number of the map τ. It is evident that the two index formulae agree.

– 21 –

Case II: E general, τ_{CP} = simple exchange.

On the fixed-point locus X^τ , the Chan-Paton factor is E ⊗ E. τ_{CP} acts trivially on the symmetric part Sym^2E but as (−1)-multiplication on the anti-symmetric part ∧^2E. Thus, we find

ch_τ (E ⊗ τ^∗E|_Xτ ) = ch(Sym^2E) − ch(∧^2E) = ch(2E).

The last equality is a simple algebraic identity. Thus, the two index formulae agree in these cases as well.

Case III: E = F ⊕ F , τ_{CP} = exchange with symplectic action.

One may also consider combining the exchange with an internal action γ_{ij}, |i, j⟩ → ∑ i^′,j^′ γ_{ii}′ |j^′, i^′⟩γ^{−1}_{j′j} .

Here we consider the case where E = F ⊕ F , with F a rank r bundle, and γ_{ij} is of the form ( γ_{ij} ) = ( 0 −1_r 1_r 0 ) . We focus on the fixed-point locus X^τ on which the Chan-Paton bundle is E ⊗ E. The Chan-Paton factors of the forms |i_{(1)}, j_{(1)}⟩ ± |j_{(2)}, i_{(2)}⟩, |i_{(1)}, j_{(2)}⟩ ∓ |j_{(1)}, i_{(2)}⟩, |i_{(2)}, j_{(1)}⟩ ∓ |j_{(2)}, i_{(1)}⟩ have eigenvalue ±1 under τ_{CP} , where i_{(1)} and i_{(2)} are the index for the first and the second factor of E = F ⊕ F . These vectors are the basis of bundles isomorphic to F ⊗ F , F ⊗ F , ∧^2F , Sym^2F , ∧^2F , Sym^2F , respectively. On the other hand, it is easy to see that

Sym^2E ∼= (F ⊗ F ) ⊕ (Sym^2F ) ⊕ (Sym^2F ) , ∧^2E ∼= (F ⊗ F ) ⊕ (∧^2F ) ⊕ (∧^2F ) .

Thus, we find

ch_τ (E ⊗ τ^∗E|_Xτ ) = ch(∧^2E) − ch(Sym^2E) = −ch(2E) .

The two index formulae differ by just an overall sign. We see that we must have minus sign −1 in the path-integral formula (3.10) in this case. This corresponds to the sign flip of the crosscap state, which is the standard feature for Sp-type orientifolds.

3.3.4 Inclusion of the B-field Let us now turn on a B-field. As we have seen, we are allowed to have discrete values of B-field. In some cases for A-parity, a non-zero B-field is enforced to cancel parity anomaly. See the general conditions of parity symmetry (3.1) and (3.2).

The inclusion of a B-field does not affect the closed string Witten index. This is because the index computation localizes on constant maps, for which the B-field has no effect. Thus, the formulae (3.3), (3.5) and (3.7) or (3.9) remain valid.

– 22 –

The B-field does affect the open string indices. The effect is to shift the first Chern class of the gauge bundle on the brane by −B/2π. Thus, the Chan-Paton bundle is effectively replaced as E → E ⊗ L^{−1}_B , where ‘L_B ’ is the ‘line bundle whose first Chern-class is B/2π’. This affects the parity transformation of the Chan-Paton bundle, which would be τΩ : (W, E) −→ (τW, τ^∗E) if B were zero. For simplicity let us consider how Ω = id ∘ Ω acts on the open string stretched from the brane (X, E) to the brane (X, F ). The effective Chan-Paton factor is E ⊗ L^{−1}_B backward in time on the left boundary and F ⊗ L^{−1}_B forward in time on the right boundary. After the parity action which swaps the left and the right boundary, the Chan-Paton factor is F ⊗ L^{−1}_B forward on the left and E ⊗ L^{−1}_B backward on the right, or equivalently F ⊗ L^{−1}_B backward on the left and E ⊗ L^{−1}_B forward on the right. Since

E ⊗ L^{−1}_B ∼= E ⊗ L_B = (E ⊗ L^{⊗2}_B ) ⊗ L^{−1}_B ,

we see that the parity Ω transforms the bundle E to the bundle E ⊗ L^{⊗2}_B . More generally the transformation rule becomes

τΩ : (W, E) −→ (τW, τ^∗(E ⊗ L_B ) ⊗ L_B) . (3.14)

It differs from τ^∗E by the factor τ^∗L_B ⊗ L_B whose ‘first Chern class’ is

c_1(τ^∗L_B ⊗ L_B) = 1 2π (τ^∗[B] + [B]) | | | τ W . (3.15)

The parity symmetry condition (3.1) and (3.2) includes 1 2π (τ^∗[B] + [B]) =

{_1 2 c_1(M) mod H^2(X, Z) for A-parity 0 mod H^2(X, Z) for B-parity

Thus the class (3.15) is evidently integral, except in the cases of A-parity on non-spin manifolds. In the latter case, however, if we assume W to be an A-brane wrapped on lagrangian submanifold supporting a flat bundle, the B-field has to be zero on W [22].^3 Since τ is anti-symplectic, τW is also lagrangian and B = τ^∗B = 0 on τW . Thus, the class (3.15) is zero and hence integral also in this case. In any case, τ^∗L_B ⊗ L_B is a well-defined complex line bundle L_τ ∗_{B+B} on τW . Then, the Chan-Paton factor for the stretched open string is the bundle L_τ ∗_{B+B} ⊗ E ⊗ τ^∗E. To specify the system, one needs to specify a hermitian connection and a parity action on L_τ ∗_{B+B} as well. In the discussion below, we suppose that a choice has been made.

Now it is straightforward to generalize the index formulae obtained above to the present situation. The computation again localizes on the fixed-point set X^τ . On this set, the

3There are non-lagrangian A-branes with non-flat connection or non-zero B-field [45, 60]. We do not include this in our paper. It would be interesting to see the consistency of parity with such A-branes in of non-spin manifolds.

– 23 – parity action on the bundle L_τ ∗_{B+B} = L_{2B} is just a bundle map which is +1 or −1 at each connected component of X^τ . Let

ε_B : X^τ → {±1} (3.16)

be the locally constant function determined by this sign. Then, the general index formula is given by I^B_{τ Ω}((W, E), (τW, τE)) = = ∫ W ∩X^τ 2^{dimr Xτ − 12 dimrX} ch(E)ε_B e^{B/2π} √ ^A(T (W )) ^A(N(W )) √ L(^1_4 T (X^τ )) L(^1_4 N(X^τ )) e(N(W ) ∩ N(X^τ )) , where τE is now τ^∗E ⊗ L_τ ∗_{B+B} .

Let us consider an A-parity associated with an antiholomorphic isometry τ : X → X and a lagrangian A-brane L with trivial U(1) connection. The only effect of the B-field is a possible non-trivial parity action on the trivial bundle L_τ ∗_{B+B} . This modifies the index formula by the sign ε_B . Let X^τ = ∑ i X^τ_i be the decomposition into the connected components. The B-field modifies it to X^τ_B = ∑ i ε_B (i)X^τ_i in the index formula

I^B_{τ Ω}(L, τL) = #(L ∩ X^τ_B) . (3.17)

Let us now consider a B-parity associated with a holomorphic isometry τ : X → X and a B-brane wrapped on X and supporting a holomorphic vector bundle E. The general index formula, with the replacement Â → td, is given by I^B_{τ Ω}(E, τE) = ∫ X^τ ch(2E)ε_B e^{B/π} td(X^τ ) ch(∧N_Xτ )

. (3.18)

One the other hand, the canonical formalism identifies the twisted index as the holomorphic Lefschetz number I^B_{τ Ω}(E, τE) = L(τ, L_τ ∗_{B+B} ⊗ E^∨ ⊗ τ^∗E^∨) = ∫ X^τ ch_τ (L_τ ∗_{B+B} ⊗ E ⊗ τ^∗E|_Xτ ) td(X^τ ) ch(∧N_Xτ )

. (3.19)

Here L_τ ∗_{B+B} is the holomorphic line bundle associated with the hermitian connection of L_τ ∗_{B+B} which we assumed to have specified. By definition of ε_B , we have

ch_τ (L_τ ∗_{B+B} |_Xτ ) = ε_B ch(L_{2B} ) = ε_B e^{B/π} .

Thus, the two index formula agree with each other (except the overall sign for the symplectic orientifolds).

3.4 Overlaps with supersymmetric ground states We now compute the overlaps of the crosscap states and the RR ground states. For Aparity, we consider Calabi-Yau sigma model which is B-twistable. For B-parity, we consider general sigma model which can always be A-twisted. In both cases, we examine or use the bilinear identities (2.31) (2.32), (2.33).

– 24 –

3.4.1 A-parity in Calabi-Yau sigma model

The overlap Π^{τ Ω}_i for an A-parity in Calabi-Yau sigma model can be computed exactly. The point is that they are independent of the twisted chiral parameters. In particular, they are constant along the moduli space of complexified Kähler class and the computation in the large volume limit is exact. In this limit, the theory reduces to the quantum mechanics, and the overlaps are simply the integration of the ground state wavefunctions ω_i over the orientifold plane, Π^{τ Ω}_i = ~Π^{τ Ω}_i = ∫ X^τ ε_B ω_i . (3.20)

ε_B is the sign function on X^τ associated with the B-field. The bilinear identity can be shown to hold with this factor. We recall the overlaps for the A-branes

Π^L_i = ~Π^L_i = ∫ L ω_i . Then, the bilinear identity is nothing but Riemann’s bilinear identity. For example,

#(L ∩ X^τ_B ) = (∫ L ω_i ) η^{ij} (∫ X^τ ε_B ω_j ) . Note that the overlap is non-vanishing only if ω_i ∈ H^n(X). This is consistent with the selection rule — the crosscap state for an A-parity has vanishing axial R-charge and thus have non-zero overlaps only with ground states of zero axial R-charge (which are middle dimensional forms). The most important of them is the overlap with the ground states of minimum vector R-charge. This is simply the period integral over the orientifold plane

Π^{τ Ω}_0 = ∫ X^τ_B Ω , (3.21)

where Ω is the holomorphic volume form of the Calabi-Yau manifold X. This has an interpretation of the tension of the orientifold plane in superstring theory.

3.4.2 B-parity in general model

The overlaps of the crosscap states for a B-parity τΩ depends on the Kähler class parameter and the exact result is hard to obtain. However, an approximate formulae valid at large volume is obtained by requiring the bilinear identities and by the differential equation. We recall that the overlaps of the B-brane (X, E) and the RR ground states are

Π^E_i = ∫ X ch(E) e^{B+iω} √ td(X) ω_i + · · · ,

~Π^E_i = ∫ X ch(E) e^{−B−iω} √ td(X) ω_i + · · · ,

where ω is the Kähler class and + · · · are corrections that vanish in the large volume limit. Requiring the bilinear identity, we find that the overlap of the crosscap states and the RR

– 25 – ground states are

Π^{τ Ω}_i = 2^{dimr Xτ − 12 dimr X} ∫ X^τ ε_B e^{iω} √ L(^1_4 T (X^τ )) L(^1_4 N(X^τ )) ω_i + · · · , (3.22)

~Π^{τ Ω}_i = 2^{dim}r^{Xτ − 1}_2^{dim}r^X ∫ X^τ ε_B e^{−iω} √ L(^1_4 T (X^τ )) L(^1_4 N(X^τ )) ω_i + · · · . (3.23)

3.5 D-Branes from parity

One can sometimes associate a D-brane to a parity symmetry. For example, let us consider a bosonic sigma model on the real line described by a scalar field X(x^0, x^1), and its parity symmetries P_± : X(x^0, x^1) → ±X(x^0, −x^1). Consider a smooth field configuration invariant under P_+: X(x^0, −x^1) = X(x^0, x^1). It can be regarded as the extension of a configuration on the left half-plane x^1 ≤ 0 which obey Neumann boundary conditions at the boundary, ∂_1X|_x1_{=0} = 0. Likewise, a P_− invariant configuration can be regarded as the extension of a configuration on the left half-plane obeying Dirichlet boundary conditions X|_x1_{=0} = 0. In other words, D1-brane is associated with the parity P_+ and D0-brane at X = 0 is associated with P_−. It should be noted, however, that it is not always possible to associate a D-brane to a parity. For instance, P^′_+ : X(x^0, x^1) → X(x^0, −x^1) + ΔX is also a parity symmetry, but it is impossible to have a P^′_+-invariant configuration if ΔX ≠ 0.

This can be generalized to systems with (2, 2) supersymmetry. Suppose a (2, 2) theory has an A-parity P_A. Since it acts on the supercurrents as (2.5), a field configuration invariant under P_A obeys in particular

G^1_+(x^0, x^1) + G^1_−(x^0, −x^1) = 0 .

Such a configuration can be considered as an extension of a configuration on the left halfplane obeying a boundary condition at x^1 = 0 such that

(G^1_+ + G^1_−)|_x1_{=0} = 0 .

The latter is the condition on D-branes to preserve an A-type supersymmetry. Thus, a D-brane associated with an A-parity is an A-brane. Likewise, a D-brane associated with a B-parity is a B-brane.

For example, let us consider a supersymmetric sigma model on the complex plane C , described by a chiral superfield Φ. The transformation Φ −→ Ω^∗_AΦ is an A-parity. The condition of invariance under this parity is

Φ = Ω^∗_AΦ .

Such a configuration can be regarded as the smooth extension of the configuration on the left (super) half-plane which obeys the boundary condition

Φ = Φ at A-boundary .

This is nothing but the N = 2_A preserving boundary condition corresponding to the D1- brane at the real line ϕ = ϕ.

– 26 –

Similarly, the transformations Φ −→ ±Ω^∗_BΦ are B-parities. Invariant configurations

Φ = ±Ω^∗_BΦ

can be regarded as the smooth extensions of the configuration on the left (super) half-plane which obey the boundary condition { D_+Φ = D_−Φ Φ = 0 at B-boundary.

They are nothing but the N = 2_B preserving boundary condition corresponding to D2- brane filling C or D0-brane at ϕ = 0 respectively.

These examples generalize to any parity symmetry of the form τΩ where τ : X → X is an antiholomorphic or holomorphic isometry of the target Kähler manifold X. If τ has fixed points, the corresponding boundary condition is the one for the D-brane wrapped on the fixed-point set X^τ . If τ has no fixed point, there is no invariant configurations and therefore no associated boundary condition.

It is important that τΩ is a symmetry of the theory. If that is anomalous, the corresponding D-brane boundary condition is expected to suffer from some pathology. Let us consider the example τ : (z_1, z_2) → (z_2, z_1) for X = C P^n × C P^n, where the two C P^n have the same size and no B-field t_1 = t_2 = r. The fixed-point set is

X^τ = { (z_1, z_2) ∈ C P^n × C P^n | z_2 = z_1 } ∼= C P^n . If n is odd, τΩ is a symmetry as long as t_1 = t_2, and the D-brane boundary condition for X^τ is expected to be good. If n is even, however, we have seen that τΩ is anomalous if t_1 = t_2. Then, the D-brane boundary condition for X^τ is expected to be bad. In fact, the quantization of open string in such examples are studied from the point of view of symplectic geometry [61], and it was found that definition of (a finite dimensional model of) the open string Hilbert space suffers from a problem if n is even.^4 However, if we turn on a B-field of period π on one of the C P^n in X = C P^n × C P^n, the parity anomaly is cancelled and the D-brane at X^τ will not suffer from pathology. Pathology of X^τ for the case n even, t_1 = t_2, as well as the remedy by taking t_1 = t_2 + πi will be explicitly seen in the mirror description in section 7.2.1.

4. Orientifolds of N = 2 minimal models I

In this section, we study parity symmetries of the N = 2 minimal model. The discussion crucially depends on whether or not, and how, GSO projection is imposed. We introduce the model as a supersymmetric gauged WZW model where the GSO projection is (of course) not imposed. We find the A and B parities of the system and compute the twisted Witten indices for the closed string. We then move on to the model with non-chiral GSO

4Roughly speaking, the definition involves a study of the moduli space of holomorphic discs, and the moduli space is required to be orientable. If n is even the moduli space is unorientable. We thank Y.-G. Oh for explanation of this point.

– 27 – projection. The procedure proposed by Pradisi, Sagnotti and Stanev (PSS) [25] (and established by later works [28]–[32]) gives a prescription to construct the crosscap states of the GSO projected model, and we will compute the Klein bottle amplitudes. Then, we determine the crosscap states of the model before the GSO projection, using the PSS procedure combined with the supercurrent condition. This enables us to compute the Witten indices as well as the overlap of the crosscap states and supersymmetric ground states.

Sections 4.1 through 4.3 deal with the system before GSO projection, section 4.4 discusses the GSO projected model, and section 4.5 provides the relation between them. In section 5, we extend the study by including D-branes and open strings.

4.1 The minimal model

The N = 2 minimal model is realized as the SU(2) WZW model and a Dirac fermion system, which are coupled through a U(1) gauge field. Let G = SU(2) and H = U(1) ⊂ SO(3). Let us consider a Dirac fermion arranged into the hermitian 2 × 2 matrix

Ψ_± = ( 0 ψ_± ψ_± 0 ) . It preserves its form under the H-action Ψ_± → h^{−1}Ψ_±h: the component ψ_± transforms as a charge 1 field. We consider the system with the action S(A, g, Ψ) = kS(A, g) + i 2π ∫ Σ d^2x tr (Ψ_−D_+Ψ_− + Ψ_+D_−Ψ_+) ,

where kS(A, g) is the WZW action [62] and D_μΨ := ∂_μΨ + [A_μ, Ψ]. The action is invariant under the H-valued gauge transformation A → h^{−1}Ah + h^{−1}dh, g → h^{−1}gh, Ψ_± → h^{−1}Ψ_±h. Under the H-valued constant chiral gauge transformation

g → h^{−1}_1 gh_2 , Ψ_− → h^{−1}_1 Ψ_−h_1 , Ψ_+ → h^{−1}_2 Ψ_+h_2 , (4.1)

the path-integral measure changes by the factor [63] exp [ (k + 2) i 2π ∫ tr ( F_A log(h_1h^{−1}_2 ) )] . The origin of ‘k’ in the exponent is the change in the action kS(A, g) while ‘+2’ comes from the chiral anomaly of the charged fermion. Supersymmetric gauged WZW models have been studied in [65, 15] (see also [64, 66] for bosonic models).

4.1.1 (2, 2) superconformal symmetry

The important property of the system is (2, 2) supersymmetry. Using

η_± = 1 √ k ψ_±σ_− = 1 √ k ( 0 0 ψ_± 0 ) , η_± = 1 √ k ψ_±σ_+ = 1 √ k ( 0 ψ_± 0 0 ) ,

– 28 – the supersymmetry transformations are written as δg = −i √ 2 ( ϵ_+η_−g − ϵ_+η_−g − ϵ_−gη_+ + ϵ_−gη_+ ) , δη_− = √ 2ϵ_+ [ D_−gg^{−1} ] − , δη_+ = − √ 2ϵ_− [ g^{−1}D_+g ] − , δη_− = − √ 2ϵ_+ [ D_−gg^{−1} ] + , δη_+ = √ 2ϵ_− [ g^{−1}D_+g ] + , (4.2)

where [X]_± is the projection to the upper-right/lower-left entry of X. The naive chiral R-symmetry ψ_∓ → e^{∓iα∓} ψ_∓ has an anomaly, but it can be cancelled using the ‘anomalous’ chiral gauge transformations (4.1). The following combination is anomaly-free:

U(1)_R : g → h^{−1}_{α−} g , η_− → e^{−iα−} h^{−1}_{α−} η_−h_{α−} , η_− → e^{iα−} h^{−1}_{α−} η_−h_{α−} , U(1)_L : g → gh^{−1}_{α+} , η_+ → e^{iα+} h_{α+} η_+h^{−1}_{α+} , η_+ → e^{−iα+} h_{α+} η_+h^{−1}_{α+} ,

(4.3)

where h_α := exp(iασ_3/(k + 2)). The R-symmetries are trivial at α_± = 2πm_±(k + 2) with m_± ∈ Z since h_{2πm±(k+2)} = 1. Note also that (α_−, α_+) = (2πm, −2πm) with m ∈ Z is gauge-equivalent to the trivial transformation.

The supercurrents and the R-currents are found by the Noether procedure. In fact, the left and right moving currents decouple as G^0_− = G^1_− = G, G^0_+ = −G^1_+ = ~G, and J^0_R = J^1_R = J, J^0_L = −J^1_L = ~J, reflecting the (2, 2) superconformal symmetry that the system actually has. The expressions of these currents are G = i √ 2k tr(η_−D_−gg^{−1}) = √ 2 k ψ_−J^G(σ_+) , (4.4) G = i √ 2k tr(η_−D_−gg^{−1}) = √ 2 k ψ_−J^G(σ_−), (4.5) ~G = −i √ 2k tr(η_+g^{−1}D_+g) = √ 2 k ψ_+ ~J^G(σ_−), (4.6) ~G = −i √ 2k tr(η_+g^{−1}D_+g) = √ 2 k ψ_+ ~J^G(σ_+) , (4.7)

J = k tr ( η_−η_− + i k + 2 σ_3 ( D_−gg^{−1} + i[η_−, η_−] )) = ψ_−ψ_− + 1 k + 2

J^H , (4.8) ~J = −k tr ( η_+η_+ + i k + 2 σ_3 ( D_−gg^{−1} + i[η_+, η_−] ) ) = −ψ_+ψ_+ − 1 k + 2

~J^H . (4.9)

Here J^G(X) and ~J^G(X) are the currents of the G-WZW sector

J^G(X) = ik tr(D_−gg^{−1}X) , ~J^G(X) = −ik tr(g^{−1}D_+gX) ,

while J^H and ~J^H are (2 times) the right and left components of the gauge current:

J^H = 2 ( J^G ( σ_3 2 ) + ψ_−ψ_− ) , ~J^H = 2 ( ~J^G (σ_3 2 ) + ψ_+ψ_+ ) . (4.10)

By definition, R-symmetries transform the supercurrents as G → e^{−iα−} G, G → e^{iα−} G, ~G → e−iα+ ~G, ~G → eiα+ ~G. Those that transform them only by sign form the subgroup

– 29 –

Z_{2(k+2)} × Z_2 generated by (α_−, α_+) = (π, 0) and by (α_−, α_+) = (π, −π). Up to gauge transformations, the former is equivalent to the axial rotation of order 2(k + 2):

a = e^{−πiJ0} : A → A , g → h^{−1}π_2 gh^{−1}π_2 , Ψ_− → −h^{−1}π_2 Ψ_−h π_2 , Ψ_+ → h π_2 Ψ_+h^{−1}π_2 , (4.11) and the latter is equivalent to the fermion number

(−1)^F = e^{−πi(J0− ~J0)} : (A, g, Ψ) → (A, g, −Ψ) . (4.12)

We will later consider the model where (−1)^F is gauged — the model with non-chiral GSO projection.

4.1.2 Geometric picture The model has a geometrical interpretation. We parametrize the group element by

g = e^{i(ϕ+t)σ3 /3} e^{iθσ1} e^{i(ϕ−t)σ3 /2} = ( e^{iϕ} cos θ i e^{it} sin θ i e^{−it} sin θ e^{−iϕ} cos θ ) , and the fermions by

χ_+ = − √ 2 k ψ_+ e^{it} sin θ , χ_+ = − √ 2 k ψ_+ e^{−it} sin θ ,

χ_− = √ 2 k ψ_− e^{−it} sin θ , χ_− = √ 2 k ψ_− e^{it} sin θ , (4.13)

After integrating out the gauge field, we obtain the following action which involves (θ, ϕ) or z = e^{−iϕ} cos θ but does not contain t: S = 1 2π ∫ Σ d^2x { −g_{zz}∂^μz∂_μz + 2ig_{zz} (χ_−D_+χ_− + χ_+D_−χ_+) + R_{zzzz}χ_+χ_−χ_−χ_+ } . Here g_{zz} =^k_{2(1−|z|2)} and D_μ := ∂_μ + Γ^z_z∂_μz. This is the action for the supersymmetric sigma model whose target space is the disc |z| ≤ 1 with metric

ds^2 = k [ (dθ)^2 + cot^2 θ(dϕ)^2 ] = k |dz|^2 1 − |z|^2 . (4.14)

The supersymmetry variation (4.2) transforms the complex coordinate as δz = ϵ_+χ_− − ϵ_−χ_+, which shows that z and χ_± form a chiral multiplet. The R-symmetry acts on z as z → e^{i(α−+α+)/(k+2)}z . 4.2 Parity symmetry Let us study the parity symmetry of the system. The coordinate transformation (x^0, x^1) → (x^0, −x^1) that reverses the orientation of the worldsheet is denoted by Ω. We have seen in [32] that the bosonic gauged WZW model has two types of parity invariance: Ω combined with (A, g) → (A, g^{−1}) or (A, g) → (g^{−1}_∗ Ag_∗, g^{−1}_∗ g^{−1}g_∗), where

g_∗ := iσ_1 = ( 0 i i 0 ) , modulo H-action,

– 30 – extending the parity symmetries of the ordinary WZW model [67, 68, 69, 70] to the gauged case. Analogs of these in the supersymmetric model are Ω combined with

I_A : (A, g, Ψ) → (A, g^{−1}, Ψ) (4.15) and I_B : (A, g, Ψ) → (g^{−1}_∗ Ag_∗, g^{−1}_∗ g^{−1}g_∗, g^{−1}_∗ Ψg_∗) . (4.16) Note that Ω reverses the worldsheet chirality, and hence it exchanges the left and right components of the fermion Ψ: (ΩΨ)_±(x^0, x^1) = Ψ_∓(x^0, −x^1). (It also maps the gauge field as (ΩA)_±(x^0, x^1) = A_∓(x^0, −x^1), just as in the bosonic case.) In particular, I_AΩ and I_BΩ act on the components ψ_±, ψ_± as

I_AΩ : ψ_±(x^0, x^1) → ψ_∓(x^0, −x^1) , ψ_±(x^0, x^1) → ψ_∓(x^0, −x^1) , (4.17) I_BΩ : ψ_±(x^0, x^1) → ψ_∓(x^0, −x^1) , ψ_±(x^0, x^1) → ψ_∓(x^0, −x^1) . (4.18)

The classical action S(A, g, Ψ) is invariant under both I_AΩ and I_BΩ. Thus, these are the candidates for parity symmetry of the supersymmetric model.

4.2.1 Parity anomaly Let us examine whether there is an anomaly from the fermionic sector. We recall that there are fermionic zero modes in a background A in which the first Chern class

c_1 = i 2π ∫ Σ tr ( F_A ( −1 2 σ_3 ))

is non-zero. If it is positive, there are generically c_1 zero modes for both ψ_− and ψ_+ and none for ψ_− and ψ_+. Thus the path-integral measure contains a factor

D^{(0)}_A Ψ =

c_1∏

i=1 dψ^{(0)i}_− dψ^{(0)i}_+ , (4.19)

where ψ^{(0)i}_− and ψ^{(0)i}_+ are the zero modes, which are complex conjugates of each other. If c_1 is negative, the zero modes originate from ψ_− and ψ_+. Observe that c_1 flips its sign under the worldsheet orientation reversal Ω. It also flips under the g_∗-conjugation since g_∗σ_3g^{−1}_∗ = −σ_3. Thus, the first Chern class flips its sign under I_AΩ but remains invariant under I_BΩ:

I_AΩ : c_1 → −c_1 , (4.20) I_BΩ : c_1 → c_1 . (4.21)

Let us first examine I_BΩ, which preserves the topology of the U(1) gauge bundle by (4.21). By (4.18), I_B Ω sends the (ψ_−, ψ_+) zero modes in the background A to the (ψ_+, ψ_−) zero modes in the background −Ω^∗A. Because of the Fermi statistics dψ^{(0)i}_+ dψ^{(0)i}_− = −dψ^{(0)i}_− dψ^{(0)i}_+ , the measure (4.19) is transformed as

D^{(0)}_A Ψ −→ (−1)^{c1} D^{(0)}_{−Ω}∗_AΨ . (4.22)

– 31 –

There is no extra sign from the measure of the non-zero modes. Since the field configurations A and −Ω^∗A are smoothly connected, there is no way to define the measure so that it is invariant under I_BΩ. Thus, the parity I_BΩ suffers from an anomaly. Let us next consider I_AΩ. By (4.20), it changes the topology of the gauge bundle, except for the trivial one c_1 = 0. In the latter case there is no net fermionic zero mode and therefore it is I_AΩ-invariant. For c_1 ≠ 0, one can choose the phase of the measure, first for c_1 > 0 and then for c_1 < 0, so that it is invariant under I_AΩ,which sends c_1 to −c_1. Thus, the parity I_AΩ is anomaly-free.

4.2.2 Cancellation of the anomaly We have seen that P_A := I_AΩ (4.23) is anomaly-free but I_BΩ suffers from a Z_2 anomaly originating from the sign dψ^{(0)}_+ dψ^{(0)}_− = −dψ^{(0)}_− dψ^{(0)}_+ . It is obviously cancelled by combination with the transformation (−1)^{FR} : (A, g, Ψ_−, Ψ_+) → (A, g, −Ψ_−, Ψ_+) .

In other words, (−1)^{FR} has the same anomaly (4.22) as I_BΩ. Thus, P_B := (−1)^{FR} I_BΩ (4.24) is an anomaly-free parity symmetry of the system.

4.2.3 Action on the supercurrents We determine how the parity symmetries transform the supercurrents of the system. Let us start with P_A : (A, g, Ψ) → Ω(A, g^{−1}, Ψ), which acts in the following way ψ_±(x) → ψ_∓(~x), D_−gg^{−1}(x) → D_+g^{−1}g(~x) = −g^{−1}D_+g(~x), and g^{−1}D_+g(x) → gD_−g^{−1}(~x) = −D_−gg^{−1}(~x). It follows that P_A transforms the currents as G(x) → ~G(~x) , G(x) → ~G(~x) , J(x) → − ~J(~x) ~G(x) → G(~x) , ~G(x) → G(~x) , ~J(x) → −J(~x) (4.25) and therefore P_A is an A-parity. One may also consider the combination P^{α,β}_A := e^{−iαFV −iβFA} P_A . (4.26) This is an A_{α,β}-parity of the system. It preserves an N = 2 supersymmetry if β ∈ πZ. Note that a^ℓP_A = P^{πℓ2 ,− πℓ2}_A and (−1)^F a^ℓP_A = P^{πℓ2 ,−} π(ℓ−2) 2 A preserve an N = 2 supersymmetry if ℓ is even, while they are ~A-parities if ℓ is odd.

We next consider P_B = (−1)^{FR} ∘ adg^{−1}_∗ ∘ P_A. Note that adg^{−1}_∗ exchanges G ↔ G, ~G ↔ ~G, J ↔ −J, and ~J ↔ − ~J. Thus P_B transforms the currents as G(x) → − ~G(~x) , G(x) → − ~G(~x) , J(x) → ~J(~x) ~G(x) → G(~x) , ~G(x) → G(~x) , ~J(x) → J(~x) . (4.27)

– 32 –

Thus, P_B is a ~B-parity. It can also be modified by the R-symmetry: P^{α,β}_B := e^{−iαFV −iβFA} P_B . (4.28) This is a B_{α+} π_{2 ,β−} π_2 -parity of the system. It preserves an N = 2 supersymmetry if α + π 2 ∈ πZ. Note that a^ℓP_B = P^{πℓ2 ,− πℓ2}_B and (−1)^F a^ℓP_B = P^{πℓ2 ,−} π(ℓ−2) 2 B preserve an N = 2 supersymmetry if ℓ is odd, while they are ~B-parities if ℓ is even.

4.2.4 The square of the parity In order to determine the sector to which the crosscap states belong, we compute the square of the above parities.

The basic A-parity P_A = I_AΩ is clearly involutive, P^2_A : (A, g, Ψ) → Ω(A, g^{−1}, Ψ) → Ω^2(A, (g^{−1})^{−1}, Ψ) = (A, g, Ψ). To find the square of the modified parities P^{α,β}_A , we note that conjugation by P_A flips the sign of F_V = J_0 + ~J_0, while F_A = −J_0 + ~J_0 is invariant, thus we see that (P^{α,β}_A )^2 = e^{−2iβFA} .

Since e^{−2iβFA} is gauge-equivalent to the fermion phase rotation ψ_± → e^{−2iβ} ψ_±, P^{α,β}_A is involutive as long as β ∈ πZ, that is, if and only if it preserves an N = 2 supersymmetry. Namely, |C_P α,β_A ⟩ belongs to the RR-sector if and only if P^{α,β}_A is supersymmetric. Both a^ℓP_A and (−1)^F a^ℓP_A square to (−1)^{ℓF} , and their crosscaps therefore belong to the RR (resp. NSNS) sector if ℓ is even (resp. odd).

Let us compute the square of P_B = (−1)^{FR} I_BΩ. The transformation I_BΩ is involutive since g^2_∗ = −1 is the central element of SU(2). On the other hand, (−1)^{FR} is transformed to (−1)^{FL} under conjugation by I_BΩ. Thus, we find P^2_B = (−1)^F . To find the square of P^{α,β}_B , we note that conjugation by P_B keeps F_V invariant but flips the sign of F_A. Thus, we see that (P^{α,β}_B )^2 = e^{−2iαFV} (−1)^F .

e^{−2iαFV} is the fermion phase rotation ψ_± → e^{∓2iα}ψ_± combined with the axial rotation by h_{−2α}. This cancels (−1)^F if and only if 2α ∈ π(k + 2)Z as well as 2α ∈ π(2Z + 1). This is possible only if k is odd, in which case one may take α = π^{k+2}_2 . Thus, if k is even, none of the Parities P^{α,β}_B is involutive. If k is odd, P^{π(k+2)/2,β}_B is involutive. Both of a^ℓP_B and (−1)^F a^ℓP_B square to e^{−πiℓFV} (−1)^F = (−1)^{(ℓ+1)F} a^{2ℓ} and hence the crosscap states belong to the sector twisted by this symmetry. If k is odd, a^{k+2}P_B and (−1)^F a^{k+2}P_B are involutive.

4.2.5 Geometric picture The above parities yield transformations of the disc z → P^{−1}zP , which are isometries of the metric (4.14). The A-parities act on the coordinate z as

P^{α,β}_A : z → e^{i 2αk+2} z , (4.29)

which is the reflection with respect to the line e^{i αk+2} R. The action of the B-parities are

P^{α,β}_B : z → e^{i 2αk+2} z , (4.30)

– 33 – which are rotations of the disc. The involutive parity P^{π(k+2)/2,β}_B acts on the disc as a rotation by π, or an inversion z → −z.

4.3 Description in the operator formalism In this subsection, we see how the parity symmetries act on the states.

4.3.1 The spectrum The space of states of the theory are the gauge invariant states in the parent theory, SU(2) WZW model plus the free Dirac fermion system, modulo the large gauge transformations. We formulate the system on a circle of radius 2π. The space of states of the WZW model is H^{G,k} = ⨁ j∈P_k ^V_j ⊗ ^V_j ,

where ^V_j is the spin j representation of the SU(2) current algebra at level k and P_k = {0,^1_2 , 1, . . . ,^k_2 } is the set of integrable spins at level k. The space of states of the Dirac fermion system is composed of the Fock space, which depends on the choice of periodicity along the circle. For the boundary condition ψ_−(σ + 2π) = e^{2πia}ψ_−(σ) and ψ_+(σ + 2π) = e^{−2πi~a}ψ_+(σ), the space of states is H^f_{a,~a} = F_a ⊗ F_{~a} . Here F_a is the Fock space for the fermion oscillator algebra {ψ_{r1} , ψ_{r2} } = {ψ_r′_1 , ψ_r′_2 } = 0, {ψ_r, ψ_r′ } = δ_{r+r}′_{,0} where, r ∈ Z + a and r^′ ∈ Z − a. It is built on the vacuum state |0⟩_a, which is annihilated by ψ_r (r ≥ 0) and ψ_r′ (r^′ > 0). The fermion number operator is given by J^f_0 = ∑ r∈Z+a :ψ_{−r}ψ_r : +a − [a] − 1 2 . (4.31)

Here, a = 0 and a =^1_2 are the R and NS sectors respectively. The space of states of the total parent theory is the tensor product

H^{parent} a,~a = H G,k ⊗ H^f_{a,~a} = ⨁ j∈P_k ⨁ s∈2Z+2a−1 ~s∈2Z+2~a−1 ^V_j ⊗ F_a|_s ⊗ ^V_j ⊗ F_{~a}|_{~s} ,

where F_a|_s is the subspace of F_a in which J^f_0 = s/2 (s takes values in 2(Z + (a − 1/2)) by (4.31)). The gauge invariant states are those obeying the condition

J^H_n = ~J^H_n = 0 , n ≥ 1 , J^H_0 + ~J^H_0 + 2(a + ~a) = 0 ,

where J^H_n = J^3_n − 2J^f_n and ~J^H_n = ~J^3_n − 2 ~J^f_n according to (4.10). J^H_n and ~J^H_n generate the U(1) current algebra at level k + 2. Let us denote by B_{j,n,s} the subspace of ^V_j ⊗ F_a|_s in which J^H_n = 0 (n ≥ 1) and J^H_0 = −n, so that ^V^{G,k}_j ⊗ F_a|_s = ⨁ n∈2Z+2j+s B_{j,n,s} ⊗ ^V^{H,k+2}_{−n} .

– 34 –

Then, the space of gauge invariant states is ( H^{parent} a,~a )_{H-inv} = ⨁ j∈P_k ⨁ s∈2Z+2a−1 ~s∈2Z+2~a−1 ⨁ n∈2Z+2j+s B_{j,n,s} ⊗ B_{j,−n+2(a+~a),~s} .

The topology of the gauge group π_1(H) = π_1(U(1)) = Z allows large gauge transformations, which act on the labels as (j, n, s, s̃) → (^k_2 − j, n ± (k + 2), s ± 2, s̃ ∓ 2) → (j, n ± 2(k + 2), s ± 4, s̃ ∓ 4) → · · ·. This induces the so-called “field identification” [71, 72, 73]. Namely, the space of states of our gauge system is given by H_{a,~a} = ⨁ (j,n,s,s̃)∈ ~M_k (a,~a) B_{j,n,s} ⊗ B_{j,−n+2(a+~a),~s} (4.32)

where ~M_k(a, ~a) is the infinite set ~M_k(a, ~a) = { (j, n, s, s̃) | | | j ∈ P_k, 2j − s + n even s ∈ 2Z + 2a − 1, ~s ∈ 2Z + 2~a − 1 } / π_1(H) .

The R-currents (4.8) and (4.9) are expressed as

J_n = 1 k + 2

J^H_n + J^f_n , ~J_n = − 1 k + 2 ~J^H_n − ~J^f_n , and hence the R-charges ((J_0, ~J_0)-eigenvalues) are given by (q, ~q) = ( − n k + 2 + s 2 , ~n k + 2 − ~s 2 ) on B_{j,n,s} ⊗ B_{j,~n,~s} . (4.33) The supercharges (4.4)–(4.7) are expressed, after the standard shift k → k + 2, as G_r′ = √ 2 k + 2 ∑ n∈Z ψ_r′_{−n}J^+_n , G_r = √ 2 k + 2 ∑ n∈Z ψ_{r−n}J^−_n , (r, −r^′ ∈ Z + a) , ~G_{~r} = √ 2 k + 2 ∑ n∈Z ~ψ_{~r−n} ~J^−_n , ~G_{~r′} = √ 2 k + 2 ∑ n∈Z ~ψ_{~r′−n} ~J^+_n , (~r, −~r′ ∈ Z + ~a) .

Remark. We regard the (a, ~a) sector to be the sector in which the fields obey the boundary condition Φ(σ) = U^{−1}_{a,~a} Φ(σ + 2π)U_{a,~a} , U_{a,~a} := e^{−2πi(aJ0 +~a ~J0)} = e^{−2πi(a− 12 )J0−2πi(~a+ 12 ) ~J0} (−1)^F . Note that (−1)^F := e^{πi(−J0+ ~J0)} is the mod 2 fermion number (4.12). In particular the standard NSNS sector is (a, ~a) = (^1_2 , −^1_2 ), and it indeed includes the SL(2, C )-invariant ground state [|0; 0⟩⊗|0⟩ 1_2 ]⊗[|0; 0⟩⊗|0⟩_− 1_2 ] ∈ B_{0,0,0} ⊗B_{0,0,0} ⊂ H 1_{2 ,−} 1_2 . The (a, ~a) sector is the spectral flow [74] from this by (a−^1_2 , ~a+^1_2 ). Because of the periodicity of the R-symmetries, we have the identifications (a, ~a) ≡ (a + (k + 2), ~a) ≡ (a, ~a + (k + 2)) ≡ (a + 1, ~a − 1).

– 35 –

Chiral primaries. The local operators of the system can be mapped one-to-one to the states in the NSNS sector (a = −~a =^1_2 ). Chiral primary fields correspond to those obeying the conditions G_− 1_2 = ~G_− 1_2 = 0 and G 1_2 = ~G 1_2 = 0. One can show that they are given by

|j⟩_{cc} = [ |j, j⟩ ⊗ |0⟩_{NS} ] ⊗ [ |j, −j⟩ ⊗ |0⟩_{NS} ] , j = 0, 1 2 , 1, . . . , k 2 , which belongs to B_{j,−2j,0} ⊗ B_{j,2j,0}. The corresponding chiral primary O_j has R-charges (q, ~q) = (^{2j}_{k+2} ,^{2j}_{k+2} ). There are also antichiral primaries O_j corresponding to |j⟩_{aa} = [|j, −j⟩ ⊗ |0⟩_{NS}] ⊗ [|j, j⟩ ⊗ |0⟩_{NS}] in B_{j,2j,0} ⊗ B_{j,−2j,0} with charge (q, ~q) = (−^{2j}_{k+2} , −^{2j}_{k+2} ). There are no twisted (anti)chiral primaries, except for the identity operator.

Supersymmetric ground states. The supersymmetry of the sector with a, ~a ∈ Z is generated by G_0, G_0, ~G_0, ~G_0. We would like to find the supersymmetric ground states, namely the states annihilated by all of G_0, G_0, ~G_0, ~G_0.

We start with the RR sector (a = ~a = 0). The supersymmetric ground states are |j⟩_{RR} = [|j; j⟩ ⊗ |0⟩_R] ⊗ [ |j; −j⟩ ⊗ ψ_0|0⟩_R ] , j = 0, 1 2 , 1, . . . , k 2 , where |0⟩_R is the vacuum state |0⟩_0 ∈ F_0, which is annihilated by ψ_0 and has J^f_0 = −1/2. The state |j⟩_{RR} belongs to B_{j,−(2j+1),−1} ⊗ B_{j,2j+1,1} and has R-charges (q, ~q) = (^{2j+1}_{k+2} − 1 2 ,^{2j+1}_{k+2} −^1_2 ). Another representation of the same state (up to a phase) is

|j⟩^′_{RR} = [| |k 2 − j; − k 2 + j ⟩ ⊗ ψ_0|0⟩_R ] ⊗ [| | k 2 − j; k 2 − j ⟩ ⊗ |0⟩_R ] , which belongs to B k_{2 −j,(k+2)−(2j+1),1} ⊗ B k_{2 −j,−(k+2)+(2j+1),−1}. The state |j⟩_{RR} ∝ |j⟩^′_{RR} corresponds to the chiral primary field O_j .

We next consider the sectors with twisted boundary conditions (a, ~a) ≢ (0, 0). (There are k + 1 such sectors labelled by a + ~a ∈ {1, 2, . . . , k + 1}.) For each such sector, there is a unique supersymmetric ground state |G⟩_{a,~a} = [ |j_∗; j_∗⟩ ⊗ |0⟩_R ] ⊗ [ |j_∗; j_∗⟩ ⊗ |0⟩_R ] ∈ B_{j∗,−2j∗−1,−1} ⊗ B_{j∗,−2j∗−1,−1} , where j_∗ ∈ P_k is defined by 2j_∗ + 1 ≡ −a − ~a mod (k + 2). It has R-charge (q, ~q) = (^{2j∗+1}_{k+2} −^1_2 , −^{2j∗+1}_{k+2} +^1_2 ).

The above results are consistent with the equivariant Witten indices. Let us consider the partition function on the torus (x, y) ≡ (x + 1, y) ≡ (x, y + 1) with the (twisted) boundary condition Φ(x, y) = Φ(x + 1, y) = U^{−1}_{a,~a} Φ(x, y + 1)U_{a,~a}. There is a supersymmetry as long as a, ~a ∈ Z, and the partition function is regarded as the Witten index. If we consider x as the space and y as the time coordinate, this can be regarded as the trace over the RR sector of the operator U_{a,~a}(−1)^F e^{−βH} . If, on the other hand, we consider x as the time and y as the space coordinate, the partition function is identified as the trace over the (a, ~a)-sector of the operator (−1)^F e^{−β′H} . We thus find the identity

Tr_{HRR} e^{2πi(aJ0 +~a ~J0)}(−1)^F e^{−βH} = Tr_{Ha,~a} (−1)^F e^{−β′H} .

– 36 –

The left hand side is the equivariant Witten index and can be computed, using our knowledge of the supersymmetric ground states in the RR sector, as

LHS = ∑ j∈P_k e^{2πi(a− 12 )qj +2πi(~a+ 12 )~qj} = ∑ 2j=0,1,...,k e^{2πi(a+~a)( 2j+1k+2 − 12 )}

= − e^{−πi(a+~a)} = ±1 if a + ~a ≢ 0 mod (k + 2).

On the other hand, the right hand side is the ordinary Witten index for the system twisted by U_{a,~a}, which computes the number of bosonic supersymmetric ground states minus the number of fermionic ones. That it is equal to l.h.s. =±1 if a + ~a ≢ 0 is consistent with the above conclusion that there is a unique supersymmetric ground states in H_{a,~a} with a + ~a ≢ 0. 4.3.2 The parity action Let us now see how parity acts on the states. We will also compute the twisted partition function for the NSNS and RR sectors.

A-parity. We start with the basic parity symmetry P_A = I_AΩ. Since the space of states is basically the subspace of the tensor product H^{G,k} ⊗ H^f_{a,~a}, we separate the discussion into bosonic and fermionic sectors. The action on the bosonic part is determined in [32]: u_b ⊗ ~v_b ∈ ^V_j ⊗ ^V_j −→ (−1)^{2j} v_b ⊗ ~u_b ∈ ^V_j ⊗ ^V_j . (4.34) For the fermionic sector it exchanges the periodicity parameter a, ~a of the left and right movers, H^f_{a,~a} → H^f_{~a,a}, mapping the oscillators as ψ_r, ψ_r′ , ~ψ_{~r}, ~ψ_{~r}′ −→ ~ψ_r, ~ψ_r′ , ψ_{~r}, ψ_{~r}′ , (4.35) where r, −r^′ ∈ Z + a and ~r, −~r^′ ∈ Z + ~a. It follows that the ground state |0⟩_{a,~a} = |0⟩_a ⊗ |0⟩_{~a} (annihilated by ψ_{r≥0}, ψ_r′_{>0}, ~ψ_{~r≥0} and ~ψ_{~r}′_{>0}) is mapped to the ground state |0⟩_{~a,a} (annihilated by ψ_{~r≥0}, ψ_{~r}′_{>0}, ~ψ_{r≥0} and ~ψ_r′_{>0}) up to a phase, |0⟩_{a,~a} → ϵ_{a,~a}|0⟩_{~a,a}. More general states are mapped as O_1 ~O_2|0⟩_{a,~a} −→ ϵ_{a,~a} ~O_1O_2|0⟩_{~a,a} = ϵ_{a,~a}(−1)^{|O1||O2|}O_2 ~O_1|0⟩_{~a,a} . (4.36) Here, O_i are polynomials of the fermion oscillators ψ_•, ψ_•, and ~O_i are the ones where ψ_•, ψ_• are replaced by ~ψ_•, ~ψ_•. |O_i| is the fermion number of O_i. Thus, we find that the states of the combined system are mapped as follows P_A : u_a ⊗ ~v_b ⊗ O_1 ~O_2|0⟩_{a,~a} ∈ B_{j,n,s} ⊗ B_{j,−n+2(a+~a),~s} −→ ϵ_{a,~a}(−1)^{2j+|O1||O2|}v_b ⊗ ~u_b ⊗ O_2 ~O_1|0⟩_{~a,a} ∈ B_{j,−n+2(a+~a),~s} ⊗ B_{j,n,s} , (4.37) where |O_1| = s 2 − ( a − [a] − 1 2 ) , |O_2| = ~s 2 − ( ~a − [~a] − 1 2 ) .

– 37 –

One can check that this action is compatible with the field identification. Let us show this for the action on the RR ground states, |j⟩_{RR} = |j; j⟩ ⊗ |j; −j⟩ ⊗ ~ψ_0|0⟩_{0,0} ∝ |j⟩^′_{RR} = |^k_2 − j; −(^k_2 − j)⟩ ⊗ |^k_2 − j;^k_2 − j⟩ ⊗ ψ_0|0⟩_{0,0} Using (4.37), we find that they are mapped as

|j⟩_{RR} → ϵ_{0,0}(−1)^{2j} | | | k 2 − j ⟩_′ RR , |j⟩^′_{RR} → ϵ_{0,0}(−1)^{k−2j} | | | k 2 − j ⟩ RR .

This is consistent with the field identification |j⟩_{RR} ∝ |j⟩^′_{RR} , provided that | |k 4 ⟩ RR = ± | |k 4 ⟩_′ RR , (4.38)

which is non-vacuous only if k is even. This also shows that P_A is involutive only if ϵ_{0,0} is 1 or −1.

Let us compute the twisted partition function for the NSNS and RR sectors. The subspaces B_{j,n,s}⊗B_{j,−n,~s} that contribute to it are such that it is equivalent to B_{j,−n,~s}⊗B_{j,n,s} up to field identification. This is so for B_{j,0,s} ⊗ B_{j,0,s} and B k_{4 ,−} k+2_{2 ,s} ⊗ B k_{4 ,} k+2_{2 ,s+2} (k even). It is then straightforward to compute the partition functions. We present the result for the more general parity P^{α,β}_A = e^{−iαFV −iβFA} P_A. For the NSNS sector it is

Tr_{HNSNS} (P^{α,β}_A q^H ) = ϵ_{NSNS} ∑ 2j,s even (−1)^{s2} e^{iβs}ch_{j,0,s}(2τ)

= ϵ_{NSNS} ∑ 2j even (χ_{j,0,0} − χ_{j,0,2}) ( 2τ, β π ) , (4.39)

and for the RR sector

Tr_{HRR} (P^{α,β}_A q^H ) = (4.40) = −ϵ_{RR} ∑ 2j,s odd (−1)^{s+12} e^{iβs}ch_{j,o,s}(2τ) ± ϵ_{RR} (−1)^{k2} ∑ s odd

(−1)^{s+12} e^{2iβ s+12} ch k_{2 ,−} k+2_{2 ,s}(2τ)

= −ϵ_{RR} ∑ 2j odd (χ_{j,0,−1} − χ_{j,0,1}) ( 2τ, β π ) ± ϵ_{RR} (−1)^{k2} ( χ k_{2 ,−} k+2_{2 ,−1} − χ k_{2 ,−} k+2_{2 ,1} ) ( 2τ, β π ) .

In the above expressions, ch_{j,n,s} is the character ch_{j,n,s}(τ) = Tr_{Bj,n,s} q^{L0− c24} , (4.41) and χ_{j,n,s}, for s ∈ Z/4Z, is χ_{j,n,s}(τ, u) = ∑ p∈Z Tr_{Bj,n,s+4p} q^{L0− c24} e^{2πiJ0u} = ∑ p∈Z e^{2πiu(− nk+2 + s+4p2 )}ch_{j,n,s+4p}(τ) ,

The sign ± of the second term on the right hand side of (4.40) is the same as the one that appears in the Field Identification (4.38).

– 38 –

The special cases are the ones with (−1)^{νF} a^ℓP_A-twists (ν = 0, 1): Tr_{HNSNS} ((−1)^{νF} a^ℓP_Aq^H ) = ϵ_{NSNS} ∑ 2j even

(χ_{j,0,0} − (−1)^ℓχ_{j,0,2})(2τ) , (4.42)

Tr_{HRR} ((−1)^{νF} a^ℓP_Aq^H ) = − e^{πiℓ2} (−1)^ν ϵ_{RR} ∑ 2j odd (χ_{j,0,−1} − (−1)^ℓχ_{j,0,1})(2τ) ± ±ϵ_{RR} δ^{(2)}_k (−1)^{k2} (χ k_{4 ,−} k+2_{2 ,−1} − (−1)^ℓχ k_{4 ,−} k+2_{2 ,1})(2τ) . (4.43) We recall that (−1)^{νF} a^ℓP_A with even ℓ preserves an N = 2 supersymmetry and the twisted partition function in the RR-sector can be regarded as the Witten index. Indeed, since χ_{j,n,−1} − χ_{j,n,1} = ±δ_{n,∓(2j+1)}, we find I_aeven_{PA} = ±ϵ_{RR} (−1)^{k2} δ^{(2)}_k . (4.44) For odd ℓ, (−1)^{νF} a^ℓP_A breaks all supersymmetry and the partition function is indeed a non-trivial function of τ.

B-parity. We next consider B-parity P_B = (−1)^{FR} I_B Ω, which is the same as P_A followed by (−1)^{J f0} adg^{−1}_∗ . The action of adg^{−1}_∗ on the bosonic sector is the usual one, u_b ⊗ ~v_b → g_∗u_b ⊗ ~ g_∗v_b, where g_∗ acts on the ground states of ^V_j as g_∗|j; m⟩ = i^{2j} |j; −m⟩ [32]. Let us next see how adg^{−1}_∗ acts on the fermionic sector. Since it exchanges ψ_± and ψ_±, it flips the sign of the periodicity parameter (a, ~a), H^f_{a,~a} → H^f_{−a,−~a}, and maps the oscillators as adg^{−1}_∗ : ψ_r, ψ_r′ , ~ψ_{~r}, ~ψ_{~r}′ −→ ψ_r, ψ_r′ , ~ψ_{~r}, ~ψ_{~r}′ . (4.45) It follows from this that the ground state |0⟩_{a,~a} (annihilated by ψ_{r≥0}, ψ_r′_{>0}, ~ψ_{~r≥0} and ~ψ_{~r}′_{>0}) is mapped to the ground state |0⟩^′_{−a,−~a} (annihilated by ψ_r′_{≥0}, ψ_{r>0}, ~ψ_{~r}′_{≥0} and ~ψ_{~r>0}) up to a phase, |0⟩_{a,~a} → η_{a,~a}|0⟩^′_{−a,−~a}, Note that one may set |0⟩^′_{−a,−~a} = |0⟩_{−a,−~a}, as long as a, ~a ∉ Z. If a or ~a is an integer, they are not proportional to each other. For example |0⟩_{0,0} is annihilated by ψ_0, ~ψ_0, while |0⟩^′_{0,0} is annihilated by ψ_0, ~ψ_0, and therefore one may set |0⟩^′_{0,0} = ψ_0 ~ψ_0|0⟩_{0,0}. More general states are mapped as adg^{−1}_∗ : O_1 ~O_2|0⟩_{a,~a} −→ η_{a,~a}O_1 ~O_2|0⟩^′_{a,~a} . Combining with the action of P_A and (−1)^{FR} = e^{πiJ f0} , we find that P_B = e^{πiJ f0} adg^{−1}_∗ P_A acts on the states as P_B : u_a ⊗ ~v_b ⊗ O_1 ~O_2|0⟩_{a,~a} ∈ B_{j,n,s} ⊗ B_{j,−n+2(a+~a),~s} (4.46) ε_{a,~a}(−1)^{2j+|O1||O2|} e^{−πi ~s2} g_∗(v_b) ⊗ ~g_∗(u_b) ⊗ O_2 ~O_1|0⟩^′_{−~a,−a} ∈ B_{j,n−2(a+~a),−~s} ⊗ B_{j,−n,−s} , where ε_{a,~a} = ϵ_{a,~a}η_{~a,a}. Let us see if it is compatible with the field identification. We examine it in the action on the RR ground states. Using (4.46), we find the following P_B action |j⟩_{RR} = |j; j⟩ ⊗ |j; −j⟩ ⊗ ~ψ_0|0⟩_{0,0} −→ ε_{0,0} e^{− πi2} |j; j⟩ ⊗ |j; −j⟩ ⊗ ψ_0|0⟩^′_{0,0}

– 39 –

= ε_{0,0} e^{− πi2} |j; j⟩ ⊗ |j; −j⟩ ⊗ ψ_0ψ_0 ~ψ_0|0⟩_{0,0} = ε_{0,0} e^{− πi2} |j⟩_{RR} |j⟩^′_{RR} = |j^′; −j^′⟩ ⊗ |j^′; j^′⟩ ⊗ ψ_0|0⟩_{0,0} −→ ε_{0,0} e^{πi2} |j^′; −j^′⟩ ⊗ |j^′; j^′⟩ ⊗ ~ψ_0|0⟩^′_{0,0} = ε_{0,0} e^{πi2} |j^′; −j^′⟩ ⊗ |j^′; j^′⟩ ⊗ ~ψ_0ψ_0 ~ψ_0|0⟩_{0,0} = −ε_{0,0} e^{πi2} |j⟩^′_{RR} ,

where j^′ :=^k_2 − j. We see that the action is compatible with the field identification |j⟩_{RR} ∝ |j⟩^′_{RR} . Note that it would have been incompatible without the (−1)^{FR} = e^{πiJ f0} factor. This corresponds to the anomaly of I_BΩ = adg^{−1}_∗ P_A and its cancellation by (−1)^{FR} .

Let us now compute the twisted partition function in the NSNS and RR sectors. A non-zero contribution comes from the subspaces B_{j,n,s} ⊗ B_{j,−n,−s}. The result is

Tr_{HNSNS} (P^{α,β}_B q^H ) = ε_{NSNS} ∑ 2j+n, s even e^{−2iα(− nk+2 + s2 )}ch_{j,n,s}(2τ) = ε_{NSNS} ∑ 2j+n even s=0,2 χ_{j,n,s} ( 2τ, − α π ) , (4.47)

Tr_{HRR} (P^{α,β}_B q^H ) = ε_{RR} ∑ 2j+n, s odd e^{−2iα(− nk+2 + s2 )}ch_{j,n,s}(2τ) = ε_{RR} ∑ 2j+n odd s=±1 χ_{j,n,s} ( 2τ, − α π ) , (4.48)

where ε_{RR} = ε_{0,0} e^{− πi}2 .

Let us consider the special cases with (−1)^{νF} a^ℓP_B -twists (ν = 0, 1):

Tr_{HNSNS} ((−1)^{νF} a^ℓP_B q^H ) = ε_{NSNS} ∑ 2j+n even s=0,2 e^{πiℓ( nk+2 − s2 )}χ_{j,n,s}(2τ) (4.49)

Tr_{HRR} ((−1)^{νF} a^ℓP_B q^H ) = ε_{RR} ∑ 2j+n odd s=−1,1 e^{πiℓ( nk+2 − s2 )}χ_{j,n,s}(2τ) (4.50)

(−1)^{νF} a^ℓP_B with odd ℓ preserves an N = 2 supersymmetry and the twisted partition function in the RR-sector can be regarded as the Witten index. Indeed, it is just a number

I_aℓ_{PB} = ε_{RR} ∑ j∈P_k e^{πiℓ( 2j+1k+2 − 12 )} = ε_{RR} e^{−πi ℓ2} (z + z^2 + · · · + z^{k+1})|_{z= e}πiℓ/(k+2)

= ε_{RR} e^{−πi ℓ2} z − z^{k+2} 1 − z = iε_{RR} e^{− πiℓ2} cot [ πℓ 2(k + 2) ] , ℓ odd . (4.51)

For even ℓ, (−1)^{νF} a^ℓP_B breaks all supersymmetry and the partition function is indeed a non-trivial function of τ.

4.4 RCFT point of view We next study the system in which a certain GSO projection is imposed. The system can be regarded as a rational conformal field theory, the crosscaps can be studied using

– 40 – the standard procedure of Pradisi-Sagnotti-Stanev [25] which is reviewed (along with more recent developments such as [29, 30]) and extended in [32].

GSO projection. We perform the GSO projection with respect to the operator

(−1)^F = e^{−πi(J0− ~J0)} .

This is a non-chiral projection and the projected theory consists of NSNS as well as RR sectors, in each of which only the states with (−1)^F = 1 are kept. RR and NSNS sectors correspond to the twist parameters (a, ~a) = (0, 0) and (^1_2 , −^1_2 ) respectively, and the GSO operator (−1)^F is e^{−πi(s+~s)/2} on the subspace B_{j,n,s} ⊗ B_{j,−n,~s}. We therefore keep only the subspaces B_{j,n,s} ⊗ B_{j,−n,~s} , with s, ~s ∈ Z, s + ~s = 0 mod 4, and 2j + n − s even. Note that (−1)^F acts only on the Dirac fermions Ψ = (ψ_±, ψ_±) and the GSO projection of the latter system is equivalent to the rational U(1) at level 2, the the circle sigma model of radius R = √ 2. Thus the GSO projection of the full minimal model can be regarded as the SU(2)_k × U(1)_2 mod U(1) gauged WZW model. From this point of view, it is natural to group the spaces as H_{j,n,s} = ⨁ p∈Z B_{j,n,s+4p} , where s is now regarded as a mod 4 integer. The character χ_{jns}(τ, u) that appears in (4.41) is simply the trace on this space. The Hilbert space of states of the GSO projected theory is expressed as H^{GSO} = ⨁ (j,n,s)∈M_k H_{j,n,s} ⊗ H_{j,−n,−s} , (4.52) where M_k is the set of (j, n, s) ∈ P_k × Z × Z_4 modulo π_1(H) ∼= Z, or more explicitly

M_k = { , (j, n, s) ∈ P_k × Z_{2(k+2)} × Z_4 | 2j + n + s even } (j, n, s) ∼ (^k_2 − j, n + (k + 2), s + 2) . In this subsection n and s are thus mod 2(k + 2) and mod 4 integers that label U(1)_{k+2} and U(1)_2 RCFT. We usually assume them to be in the standard range −k − 1, . . . , k + 2 and −1, 0, 1, 2, and addition modulo 2k + 4 (or modulo 4 for s) is denoted by the symbol ^+. We often put hat ^n, ^s to the U(1)_{k+2} and U(1)_2 labels n, s, to stress that they are brought into the respective standard ranges.

4.4.1 RCFT aspects of the theory Modular matrices. The S- and T -matrices of the coset model have the factorized form S_{(j,n,s)(j}′_{,n}′_{,s}′_) = 2 S_{jj}′ S^∗_{nn}′ S_{ss}′ , T_{(j,n,s),(j}′_{,n}′_{,s}′_) = T_{jj}′ T^∗_{nn}′ T_{ss}′ , (4.53) where it is understood that the matrices with pure j labels are those of the SU(2)_k WZW model, matrices with pure n or pure s labels are those of U(1)_{k+2} or U(1)_2. Using this factorization property, we find N^{(j′′,n′′,s′′)} (j,n,s)(j^′,n^′,s^′) = N j^{′′} jj^′ δ (2k+4) n+n^′,n^{′′} δ (4) s+s^′,s^{′′} + N k 2 −j^{′′} jj^′ δ (2k+4) n+n^′,n^{′′}+k+2δ (4) s+s^′,s^{′′}+2 . (4.54)

– 41 –

We also need to have expressions for P = √ T ST^2S √ T and Y^c_{ab} = ∑ d S_{ad}P_{bd}P^∗_{cd}/S_{0d} [3, 25].

P relates the open and closed string channel of the Möbius strip and Y appears in the loop channel of the Möbius strip and Klein bottle. For the computation, it is useful to consider

Q = ST^2S, Ỹ^c_{ab} = ∑ d S_{ab}Q_{bd}Q^∗_{cd} S_{0d} = √ T_c T_b Y^c_{ab}.

Thanks to the factorization of S and T , we find Q_{(j,n,s)(j}′_{,n}′_{,s}′_) = Q_{jj}′ Q^∗_{nn}′ Q_{ss}′ + Q k_{2 −j,j′} Q^∗_{n ^+(k+2),n′} Q_{s ^+2,s}′ (4.55) Ỹ^{(j′′,n′′,s′′)} (j,n,s)(j^′,n^′,s^′) = Ỹ^{j′′}_{jj′} Ỹ^{n′′}_{nn′}Ỹ^{s′′}_{ss′} + Ỹ^k2^{−j′′}_{jj′} Ỹ^{n′′+k+2}_{nn′} Ỹ^{s′′+2}_{ss′} . (4.56)

From this, one can compute P = √ T Q √ T and Y^c_{ab} = √ T_b/T_cỸ^c_{ab}, using the following expressions for √ T in the coset model √ T_{j,n,s} = σ_{j,n,s} √ T_j T^∗_n T_s , (4.57)

where σ is a sign factor defined by this equation and explicitly computed in appendix B.

Discrete symmetries. The group of simple currents is given by the primaries (0, n, s). For odd k the symmetry group is Z_{4k+8} and is generated by (0, 1, 1). For even k it is Z_{2k+4} × Z_2, generated by (0, 1, 1) and (0, 0, 2). The monodromy charge of the field (j, n, s) under the simple currents is Q_{n,s}(j^′, n^′, s^′) = nn^′ 2(k + 2) − ss^′ 4 mod 1 . (4.58)

Accordingly, there is a symmetry action on states such that g_{n,s} = e^{πi} (_{nn′} k+2 −^{ss′}_2 ) on H_j′_{,n}′_{,s}′ ⊗ H_j′_{,−n}′_{,−s}′ (4.59) g_{1,1} corresponds to the generator a = e^{−πiJ0} of the axial rotations in the gauged WZW model; g_{0,2} is the element (−1)^{^F} that distinguishes the RR and NSNS sectors.

Orbifold. We consider the orbifold by the subgroup Z_{k+2} × Z_2 generated by the currents g_{2,0} and g_{0,2}, whose space of states is

H^M = ⨁ (j,n,s)∈M_k H_{j,n,s} ⊗ H_{j,n,s} . (4.60)

This can be regarded as the mirror of the original model. The mirror map Ψ : H → H^M acts on states as Ψ = V_M ⊗ 1 : |j, n, s⟩ ⊗ |j, −n, −s⟩ → |j, −n, −s⟩ ⊗ |j, −n, −s⟩.

– 42 –

4.4.2 A-type parities We now turn to the construction of the standard PSS parities and crosscaps, which we shall call A-type crosscaps. For each simple current (0, n, s) there is a crosscap state given by |C_{n,s}⟩ = ∑ (j^′,n^′,s^′)∈M_k P_{(0,n,s)(j}′_{,n}′_{,s}′_) √ S_{(0,0,0)(j}′_{,n}′_{,s}′_) |C , j^′, n^′, s^′⟩⟩ . (4.61)

Explicit expressions for the A-type crosscap states can be found in appendix D. Note that the crosscap states with n, s even contain only Ishibashi states in the NSNS-sector, whereas those with n, s odd contain only Ishibashi states in the RR-sector. One can compute the Klein bottle amplitudes using the Y -tensor. The result is ⟨C_{n̄,s̄}| e^{− πi2τ H} |C_{n,s}⟩ = = σ_{0,n̄,s̄}σ_{0,n,s}δ^{(2)}_{n̄+n}δ^{(2)}_{s̄+s} { ∑ 2j+^{n̄−n}_2 +^{s̄−s}_2 even

(−1)^{2j} (χ_{j,} n̄−n_{2 ,} s̄−s_2 + (−1)^sχ_{j,} n̄−n_{2 ,} s̄−s_{2 +2})(2τ)+ (4.62)

+ δ^{(2)}_k e^{πi2 (−n̄+s̄)} ( χ k_{4 ,} n̄−n_{2 +} k+2_{2 ,} s̄−s_{2 +1}+(−1)^sχ k_{4 ,} n̄−n_{2 +} k+2_{2 ,} s̄−s_{2 −1} ) (2τ) } . For n = n̄ and s = s̄, this expression simplifies to ⟨C_{n,s}| e^{− πi2τ H} |C_{n,s}⟩ = = ∑ j∈Z (χ_{j,0,0} + (−1)^sχ_{j,0,2})(2τ) + δ^{(2)}_k e^{πi2 (−n+s)} ( χ k_{4 ,} k+2_{2 ,1} + (−1)^sχ k_{4 ,} k+2_{2 ,−1} ) (2τ) . The crosscaps correspond to involutive parity symmetries P_{n,s} which are related among themselves as P_{n,s} = g_{n,s}P_{0,0} . The above expression for the Klein bottle function Tr P_{n,s}q^H = ⟨C_{n,s}|q^H_t |C_{n,s}⟩ is consistent with this relation.

4.4.3 B-type parities Another class of crosscap states can be constructed from A-type crosscap states in the G = Z_{k+2} × Z_2 orbifold model, with an application of the mirror map. We shall call them B-type crosscaps. We refer to [32] for notation and conventions. For an RCFT C with the charge conjugation modular invariant partition function there are |G| A-type crosscap states in the orbifold theory for each G-orbit of simple currents. These crosscap states are given by | |C_{P θ} g′ ⟩_{C/G} = e^{iωg′} √ |G| ∑ g∈G e^{−πi(θ(g)−Q̂g′ (g))} | |C_{Pgg′} ⟩^C , (4.63)

where Q̂_g(i) := h_g + h_i − h_{g(i)} and g^′ is a fixed representative of a simple current orbit. θ is a solution to the constraint equation

θ(g_1g_2) = θ(g_1) + θ(g_2) − Q̂_{g2} (g_1) + 2q(g_1, g_2) mod 2 (4.64)

– 43 – where q is a symmetric bilinear form of G that determines the orbifold theory. (q is a form obeying q(g, g) = −h_g and Q_{g1} (g_2) = 2q(g_1, g_2) mod 1.) The crosscap state corresponds to a parity symmetry P^θ_g′ , which squares to

(P^θ_g′ )^2 = e^{2πi(θ(g)−Qg′ (g))} on the g-twisted Hilbert space H_g . (4.65)

We apply this construction to the orbifold of C = SU(2)_k × U(1)_2/ U(1)_{k+2} by G = Z_{k+2} × Z_2 with the Hilbert space (4.60). This is the orbifold with respect to the bilinear form given by q(g_{n,s}, g_n′_{,s}′ ) = nn^′ 4(k + 2) − ss^′ 8 . (4.66)

(g_{n,s} is in G if n and s are both even.) We first need expressions modulo 2 for Q̂_g(h). The conformal weight of a simple current (0, n, s) with (0, n, s) ≠ (0, ±1, ∓1) is given by h_{(0,n,s)} = − n^2 4(k + 2) + s^2 8 + |n| − |s| 2 for (0, n, s) ≠ (0, ±1, ∓1) . (4.67)

Using this we find Q̂_{gn,s} (g_{n′,s′} ) = h_{(0,n,s)} + h_{(0,n′,s′)} − h_{(0,n ^+n′,s ^+s′)} = − n^2 4(k + 2) + s^2 8 − (n^′)^2 4(k + 2) + (s^′)^2 8 + (n ^+n^′)^2 4(k + 2) − (s ^+s^′)^2 8 + + 1 2 (|n| − |s| + |n^′| − |s^′| − |n ^+n^′| + |s ^+s^′|) = nn^′ 2(k + 2) − ss^′ 4 − n ^+n^′ 2 + n + n^′ 2 + s ^+s^′ 2 − s + s^′ 2 + + 1 2 (|n| − |s| + |n^′| − |s^′| − |n ^+n^′| + |s ^+s^′|) (4.68) In the last step, we have used n, n^′, s, s^′ even. We thus conclude that Q̂_{gn,s} (g_{n′,s′} ) = nn^′ 2(k + 2) − ss^′ 4 mod 2 , (4.69)

in particular Q̂ = 2q mod 2. Therefore, we obtain a homogeneous equation for θ, θ(gh) = θ(g) + θ(h), whose solutions are given by θ_{rq}(g_{n,s}) = − rn k + 2 + qs 2 . (4.70)

The set of simple currents (0, n, s) splits up into two orbits under the orbifold group Z_{k+2} × Z_2. The first orbit is the one of (0, 0, 0), which contains only currents (0, n, s) with n, s even; the other orbit is the one of (0, 1, 1), which contains only currents with n, s odd. Accordingly, there are two types of crosscap states. Following the general procedure, one first constructs A-type crosscaps in the orbifold and then applies the mirror map. These steps are performed in the appendix, and here we merely list the results. B-type crosscap

– 44 – states are labelled by an element (r, q) ∈ Z_{k+2} × Z_2 and an orbit label p which can take the values 0 and 1. They are given by

|C_{rqp}⟩ = (2(k + 2))^{14} ∑ j σ_{j,−2r−p,−2q−p} P_j k_2 √ S_{0j} (−1)^{^2r+p−p2 +q}|C , j, 2r + p, 2q + p⟩⟩_B , (4.71)

where P_j k_2 is the P -matrix of the SU(2)_k-theory. These states are elements of the sector twisted by g_{4r+p,2p}. Hence, the square of the parity action P_{rqp} is given as

P^2_{rqp} = g_{4r+2p,2p} . (4.72)

One can compute the Klein bottle amplitudes using the average formula (4.63) and the results for A-type Klein bottles (4.62). The result is ⟨C_{rqp}|e^{− πi2τ H} |C_{rqp}⟩ = ∑ (j,n,s)∈M_k e^{πi} ^ (2r+p)n k+2 e^{−πi ^(2q+p)s2} χ_{j,n,s}(2τ) (4.73)

We also note that ⟨C_{r,q,p}|e^{− πi2τ H} |C_{r,q+1,p}⟩ = 0 , because |C_{r,q,p}⟩ and |C_{r,q+1,p}⟩ belong to orthogonal subspaces. The expression (4.73) for the Klein bottle function Tr P_{rqp}q^H = ⟨C_{rqp}|q^H_t |C_{rqp}⟩ implies the following relations among the parities, P_{rqp} = g_{2r+p,2q+p}P_{000} , (4.74)

at least in the action on closed string states. This is also consistent with the square formula (4.72).

4.5 Crosscaps in the theory before GSO projection

In the previous subsection, we obtained the crosscaps for the theory in which the nonchiral GSO projection is imposed. In this subsection, we use this result to reconstruct the crosscaps in the theory before the GSO projection. This enables us to compute the overlaps with the supersymmetric ground states, as well as to reproduce the Witten index with a twist by supersymmetric parities.

GSO projection is in a sense an orbifold by the symmetry (−1)^F where NSNS and RR sectors are regarded as the untwisted and twisted sectors respectively. Thus, one can find the relation of the crosscaps before and after the GSO projection by following the argument used in finding the relation of crosscaps before and after orbifolding [32]. In this subsection, we shall refer to the theory before GSO projection simply as ‘the theory’ or ‘the N = 2 theory’ and the theory after GSO projection as ‘the (GSO) projected theory’ or ‘the RCFT’. We shall also put a superscript ‘GSO’ to the space of states, the crosscaps, etc, of the projected theory. Let P be a parity of the theory, and consider the parity of the projected theory induced from P . The twisted partition function of the latter is

Tr_HGSO P q^H = 1 2 Tr_{HNSNS} ( (1 + (−1)^F )P q^H ) + 1 2 Tr_{HRR} ( (1 + (−1)^F )P q^H ) .

– 45 –

Using (2.24) and (2.25), the four terms of the right hand side can be expressed as 1 2 ⟨C_{(−1)}F_P |q^H_t |C_{(−1)}F_P ⟩ + 1 2 ⟨C_P |q^H_t |C_P ⟩ + 1 2 ⟨C_P |q^H_t |C_{(−1)}F_P ⟩ + 1 2 ⟨C_{(−1)}F_P |q^H_t |C_P ⟩ . This shows that the crosscap of the projected theory is given by

|C_P ⟩^{GSO} = e^{iθ} [ 1 √ 2 |C_{(−1)}F_P ⟩ + 1 √ 2 |C_P ⟩ ] . One may also consider the parity (−1)^{^F} P of the projected theory, where (−1)^{^F} is 1 on NSNS sector and −1 on RR sector. Repeating the same procedure, we find

|C_{(−1)} ^_{F P} ⟩^{GSO} = e^{iθ′} [ 1 √ 2 |C_{(−1)}F_P ⟩ − 1 √ 2 |C_P ⟩ ] . We would like to invert these equations to express |C_P ⟩ and |C_{(−1)}F_P ⟩ as linear combinations of |C_P ⟩^{GSO} and |C_{(−1)} ^_{F P} ⟩^{GSO}, which we know from the RCFT computation of the previous section. However, in order to find the right combination it is important to know the phases e^{iθ} and e^{iθ′} , but there is no canonical way to fix them. Moreover, the phases of the RCFT crosscaps |C_P ⟩^{GSO} and |C_{(−1)} ^_{F P} ⟩^{GSO} are highly non-canonical.

4.5.1 The right combination In fact, one can overcome this difficulty by making use of one independent constraint — the supercurrent condition. If P is an A_{α,β}-parity or a B_{α,β}-parity of the N = 2 theory, the crosscap |C_P ⟩ obeys a certain supercurrent condition, which is satisfied only for a particular linear combination of |C_P ⟩^{GSO} and |C_{(−1)} ^_{F P} ⟩^{GSO}. The other crosscap, |C_{(−1)}F_P ⟩, obeys a different condition which is satisfied by another linear combination. In this way one can find the right linear combinations, up to an overall phase.

In what follows we carry out this program. It turns out that A-type (resp. B-type) parities in the RCFT correspond to A_{α,β}-parities (resp. B_{α,β} -parities) of the N = 2 theory. We thus separate the discussions into the two types.

A-type. The A-type crosscaps in RCFT are the PSS crosscaps |C_{n,s}⟩ labelled by simple currents, (n, s) with n + s even. The symmetry (−1)^{^F} is nothing but the global symmetry labelled by (n, s) = (0, 2). Thus, |C_{n,s}⟩ and |C_{n,s+2}⟩ corresponds to |C_{Pn,s} ⟩^{GSO} and |C_{(−1)} ^_{F Pn,s} ⟩^{GSO} for a suitable P_{n,s}. The task is to identify P_{n,s} and find the right combination to express |C_{Pn,s} ⟩ and |C_{(−1)}F_{Pn,s} ⟩. Since |C_{n,s}⟩ belongs to NSNS-sector (resp. RRsector) for even s (resp. odd s), P_{n,s} squares to (−1)^F if s is even and it is involutive if s is odd.

The crosscap state of an A_{α,β}-parity must obey the supercurrent condition (2.20). In terms of the Fourier modes, it is G_r + i e^{−iα}(−1)^{r+ βπ} ~G_{−r} = ~G_r − i e^{−iα}(−1)^{r+ βπ} G_{−r} = 0 , r ∈ Z − β π . (4.75)

Let us put |C_{n,s}(±)⟩ := 1 √ 2 |C_{n,s}⟩ ∓ 1 √ 2 √ T_{0,n,s} √ T_{0,n,s+2} |C_{n,s+2}⟩ . (4.76)

– 46 –

One can show that they obey the conditions of the types described in the following table (see appendix E for the proof):

s odd s even |C_{n,s}(+)⟩ A_{0,0} A π_{2 ,} π_2 |C_{n,s}(−)⟩ A_{π,0} A π_{2 ,−} π_2 We know that the A_{0,0}, A_{π,0}, A π_{2 ,−} π_2 , A π_{2 ,} π_2 -parities of the theory are a^{even}P_A, (−1)^Fa^{even}P_A, a^{odd}P_A, (−1)^F a^{odd}P_A respectively. We also know that the axial symmetry a induces the global symmetry of the projected theory labelled by (n, s) = (1, ±1). These are enough to show that |C_a2m_{PA} ⟩ = |C_{2m−1,2m−1}(+)⟩ , (4.77) |C_{(−1)}F_a2m_{PA} ⟩ = |C_{2m−1,2m−1}(−)⟩ , (4.78) |C_a2m+1_{PA} ⟩ = |C_{2m,2m}(−)⟩ , (4.79) |C_{(−1)}F_a2m+1_{PA} ⟩ = |C_{2m,2m}(+)⟩ . (4.80)

The overall phases are not fixed by this argument. Here we have chosen the ones that will be justified by later computations.

B-type. B-type crosscaps in RCFT are |C^B_{r,q,p}⟩ given in (4.71) labelled by (r, q) ∈ Z_{k+2} × Z_2 and p ∈ {0, 1}. Combining the parity with (−1)^{^F} corresponds to the shift q → q + 1. Thus, we need to find the right combinations of |C^B_{r,q,p}⟩ and |C^B_{r,q+1,p}⟩. Since |C^B_{r,q,p}⟩ belongs to the sector twisted by the symmetry labelled by (n, s) = (4r + 2p, 2p), it corresponds to the parity that squares to a^{4r}(−1)^F if p = 0 and a^{4r+2} if p = 1. This shows that P^{r,q,p}_B is induced from a^{2r+p}P_B or (−1)^F a^{2r+p}P_B (or those combined with axial R-symmetry).

The supercurrent condition on the crosscap state of a B_{α,β}-parity is (2.21), or in terms of the Fourier modes G_r + i e^{iβ} (−1)^{r− απ} ~G_{−r} = ~G_r − i e^{iβ} (−1)^{r− απ} G_{−r} = 0 , r ∈ Z + α π . (4.81)

Let us put |C^B_{r,p}(±)⟩ := 1 √ 2 |C^B_{r,0,p}⟩ ± 1 √ 2 √ T^{(2)}_{2+p} √ T^{(2)}_p |C^B_{r,1,p}⟩ , (4.82)

where √ T^{(2)}_n = e^{πin̂2/8} is the square-root of the T-matrix of rational U(1) at level 2. One can show that |C^B_{r,p}(±)⟩ obey the conditions of the types described in the following table (see appendix E for the proof):

p = 1 p = 0 |C^B_{r,p}(+)⟩ B_{0,0} B π_{2 ,} π_2 |C^B_{r,p}(−)⟩ B_{0,π} B π_{2 ,−} π_2

– 47 –

Since B_{0,0}, B_{0,π}, B π_{2 ,−} π_2 , B π_{2 ,} π_2 -parities are a^{odd}P_B , (−1)^F a^{odd}P_B , a^{even}P_B , (−1)^F a^{even}P_B , we can conclude that

|C_a2m+1_{PB} ⟩ = (−1)^m|C^B_{m,1}(+)⟩ , (4.83) |C_{(−1)}F_a2m+1_{PB} ⟩ = |C^B_{m,1}(−)⟩ , (4.84) |C_a2m_{PB} ⟩ = (−1)^m|C^B_{m,0}(−)⟩ , (4.85) |C_{(−1)}F_a2m_{PB} ⟩ = |C^B_{m,0}(+)⟩ . (4.86)

Again, the overall phases cannot be fixed by this argument. The choice we made will be justified by later computations.

4.5.2 Overlaps with supersymmetric ground states Using the above results, one can compute the overlaps of the supersymmetric crosscaps and supersymmetric ground states.

A-parities. To compute the overlaps of the crosscap for the basic A-parity P_A and the RR ground states |j⟩_{RR} one has to read off the coefficient of |C , j, −2j − 1, −1⟩⟩ in the expansion of |C_{−1,−1}(+)⟩. Since √ T_{0,−1,−1}/T_{0,−1,1} = −1 by supersymmetry, the latter is (|C_{−1,−1}⟩ + |C_{−1,1}⟩)/ √ 2. The result is RR ⟨j|C_{PA} ⟩ = √ 2 (k + 2) sin(^{π(2j+1)}_{k+2} ) e^{πi(2j+1)}

2(k+2) { −iδ^{(2)}_{2j+k} sin ( π(2j + 1) 2(k + 2) ) +

+ δ^{(2)}_{2j} cos ( π(2j + 1) 2(k + 2) )} . (4.87)

Also, we find

⟨C_{(−1)}F_{PA} |j⟩_{RR} = √ 2 (k + 2) sin(^{π(2j+1)}_{k+2} ) e^{−πi(2j+1)}

2(k+2) { δ^{(2)}_{2j+k} sin ( π(2j + 1) 2(k + 2) ) +

+ iδ^{(2)}_{2j} cos ( π(2j + 1) 2(k + 2) )} . (4.88)

For other A-parities the overlaps can be easily obtained by using |C_a2m_{PA} ⟩ = ±a^m|C_{PA} ⟩, RR ⟨j|C_a2m_{PA} ⟩ = ± e^{−2πim( 2j+1k+2 − 12 )}_{RR} ⟨j|C_{PA} ⟩, ⟨C_{(−1)}F_a2m_{PA} |j⟩_{RR} = ± e^{2πim( 2j+1k+2 − 12 )}⟨C_{(−1)}F_{PA} |j⟩_{RR} .

B-parities. Since the B-parity a^{2m+1}P_B squares to a^{2(2m+1)}, the crosscap state belongs to the sector with the twist parameter (a, ~a) = (2m+1, 0). Such a sector has a (2, 2) supersymmetry and has a unique supersymmetric ground state |G⟩_{2m+1,0} which is an element of B_{j∗,−2j∗−1,−1} ⊗ B_{j∗,−2j∗−1,−1} where j_∗ ∈ P_k is defined by 2j_∗ + 1 ≡ −(a + ~a) = −(2m + 1) mod (k + 2). Namely,

j_∗ = {_k 2 − m if m = 0, 1, . . . , [^k_2 ], k + 1 − m if m = [^k_2 ] + 1, . . . , k + 1.

– 48 –

In the two cases, (j_∗, −2j_∗ −1, −1) are equivalent to (m, 2m+1, 1) and (k+1−m, 2m+1, −1) respectively. We are interested in the overlaps of this ground state |G⟩_{a,~a} and the crosscap states |C_a2m+1_{PB} ⟩(−1)^m |C_{(−1)}F_a2m+1_{PB} ⟩ } = 1 √ 2 |C^B_{m,0,1}⟩ ± 1 √ 2 |C^B_{m,1,1}⟩ . The overlaps are obtained by reading the coefficient of |C , m, 2m + 1, 1⟩⟩ or |C , k + 1 − m, 2m + 1, −1⟩⟩ depending on m ≡ 0, 1, . . . , [^k_2 ] or m ≡ [^k_2 ] + 1, . . . , k + 1 (mod (k + 2)). The result is

2m+1,0⟨G|Ca^{2m+1} P_B ⟩ = (−1)^m √ cot (_{π(2m+1)}

2(k+2) ) m ≡ 0, 1, . . . , [^k_2 ],

(−1)^{m+k+1} √ − cot

(_{π(2m+1)}

2(k+2) ) m ≡ [^k_2 ] + 1, . . . , k + 1,

(4.89)

and

2m+1,0⟨G|C(−1)^F a^{2m+1}P_B ⟩ = √ cot (_{π(2m+1)}

2(k+2) ) m ≡ 0, 1, . . . , [^k_2 ],

(−1)^k √ − cot

(_{π(2m+1)}

2(k+2) ) m ≡ [^k_2 ] + 1, . . . , k + 1.

(4.90)

This is sufficient to show that the twisted Witten index is

I_a2m+1_{PB} = ⟨C_{(−1)}F_a2m+1_{PB} |q^H_t |C_a2m+1_{PB} ⟩ = (−1)^m cot ( π(2m + 1) 2(k + 2) ) , (4.91)

which reproduces the loop channel result (4.51), provided ε_{RR} = 1.

4.5.3 Partition function and Witten index The expressions for the crosscap states obtained above can now be used to compute the parity-twisted partition functions, or equivalently Klein bottle amplitudes, Tr_{NSNS} (P q^H ) = ⟨C_{(−1)}F_P |q^H_t |C_{(−1)}F_P ⟩, Tr_{RR} (P q^H ) = ⟨C_{(−1)}F_P |q^H_t |C_P ⟩.

A-type. We first evaluate those amplitudes for A and ~A-parities P = a^ℓP_A, (−1)^F a^ℓP_A. Since each crosscap is a sum of two RCFT crosscaps, the partition function is a sum of four terms. The summands are ⟨C_{ℓ−1,ℓ−1}|q^H_t |C_{ℓ−1,ℓ−1}⟩ = ∑ j∈Z (χ_{j00} − (−1)^ℓχ_{j02}) + δ^{(2)}_k ( χ k_{4 ,} k+2_{2 ,1} − (−1)^ℓχ k_{4 ,} k+2_{2 ,−1} )

⟨C_{2m−1,2m−1}|q^H_t |C_{2m−1,2m+1}⟩ = 0 , ⟨C_{2m,2m}|q^H_t |C_{2m,2m+2}⟩ = − σ_{0,2m,2m} σ_{0,2m,2m+2} ∑ j∈Z+^1_2 (χ_{j,0,1} + χ_{j,0,−1}) ,

where the argument of the characters are all 2τ. Using these formulae and also the relation √_{T0,2m,2m} T_{0,2m,2m+2} σ_{0,2m,2m} σ_{0,2m,2m+2} =

√_{T (2)} 2m T^{(2)}_{2m+2}

= −i(−1)^m, we find

Tr_{NSNS} (−1)^{νF} a^ℓP_Aq^H = ∑ j∈Z (χ_{j00} − (−1)^ℓχ_{j02}), (4.92)

– 49 –

Tr_{RR} (−1)^{νF} a^ℓP_Aq^H = − e^{πiℓ2} (−1)^ν ∑ j∈Z+^1_2

(χ_{j,0,1} − (−1)^ℓχ_{j,0,−1}) +

+δ^{(2)}_k ( χ k_{4 ,} k+2_{2 ,1} − (−1)^ℓχ k_{4 ,} k+2_{2 ,−1} ) . (4.93)

Note that this reproduces the results (4.42) and (4.43) obtained in the gauged WZW model, where the constants undetermined there are now fixed as

ϵ_{NSNS} = 1 ,

ϵ_{RR} = 1 , ±(−1)^{k2} = 1 .

In particular, the Witten index is fixed as

I_a2m_{PA} = { 1 k even 0 k odd.

(4.94)

B-type. We now consider the partition functions for B- and ~B-parities. The computation is simpler here since the pairings of crosscaps of different q (for the same r, p) vanish, ⟨C^B_{r,q,p}|C^B_{r,q+1,p}⟩ = 0. Using the formula (4.73), we find

Tr_{NSNS} (−1)^{νF} a^{2m+p}P_B q^H = 1 2 ⟨C_{m,0,p}|q^H_t |C_{m,0,p}⟩ + 1 2 ⟨C_{m,1,p}|q^H_t |C_{m,1,p}⟩ = ∑ e^{πi (2m+p)nk+2} e^{−πi ps}2 + e^{πi (p+2)s}2 2 χ_{jns}(2τ) = ∑ s even

e^{πi(2m+p)( nk+2 − s2 )}χ_{jns}(2τ), (4.95)

Tr_{RR} (−1)^{νF} a^{2m+p}P_B q^H =

(−1)^m 2 ⟨C_{m,0,p}|q^H_t |C_{m,0,p}⟩ − (−1)^m 2 ⟨C_{m,1,p}|q^H_t |C_{m,1,p}⟩ = (−1)^m ∑ e^{πi (2m+p)nk+2} e^{−πi ps}2 − e^{πi (p+2)s}2 2 χ_{jns}(2τ) = ∑ s odd

e^{πi(2m+p)( nk+2 − s2 )}χ_{jns}(2τ) . (4.96)

This reproduces the results (4.49) and (4.50) we obtained in the gauged WZW model. In particular, the undetermined coefficients there are determined now as

ε_{NSNS} = 1 ,

ε_{RR} = 1 .

The Witten index I_a2m+1_{PB} is given by (4.91).

5. Orientifold of N = 2 minimal models II — open strings

This is a continuation of the previous section. We include D-branes into the discussion.

– 50 –

5.1 Facts on D-branes in N = 2 minimal models

We start with reviewing some known facts about D-branes in the minimal model [21].

5.1.1 A geometrical picture

It is convenient to provide a basic geometrical picture of the branes. As we have seen, the SU(2) mod U(1) supersymmetric gauged WZW model can be interpreted as the sigma model on the disk |z| ≤ 1 with the metric ds^2 = k|dz|^2/(1 − |z|^2), with non-trivial dilaton. As in ordinary sigma models, A-branes are wrapped on lagrangian submanifolds (1-dimension) and B-branes are at complex submanifolds (0 or 2-dimensions).

A-branes. A-branes are denoted as B_{j,n,s} where (j, n, s) ∈ M_k. There are 2k + 4 special points at the boundary of the disk. They fall into two classes, the even and the odd points. The A-branes are D1 branes which stretch between these special points. The branes with s even extend between the even points, while those with s odd extend between the odd points. More precisely, the brane B_{jns} stretches between boundary points

z_i = e^{πik+2 (n−2j−1)} and z_f = e^{πik+2 (n+2j+1)} . (5.1)

For s = 0, −1 the orientation of the brane is from z_i to z_f , and for s = 1, 2 the other way around meaning that s → s + 2 is an orientation flip. The corresponding boundary condition on the right boundary of the string preserves the combination Q_+ − (−1)^sQ_− of the supersymmetry. The boundary condition on the left boundary preserves the opposite combination Q_+ + (−1)^sQ_− for the standard reason. The axial rotation a is a rotation of the disc by angle π/(k + 2) and thus rotates the brane as n → n + 1.

B-branes. There are unoriented B-branes denoted as B^B_{[j,s]}, where j ∈ P_k, j < [^k_4 ] and s ∈ Z_2. They are located at concentric smaller disks, whose radius depends on the label j. The j = 0 states represent D0 branes at the center of the disk whereas the higher j states correspond to D2-branes. For even k, there are also oriented B-branes B^B_{k4 ,s} where s ∈ Z_4. They are D2 branes wrapping the whole disk. s → s + 2 corresponds to an orientation flip. As before, the corresponding boundary condition on the right boundary preserves Q_+ − (−1)^sQ_−, while on the left boundary the opposite combination Q_+ + (−1)^sQ_− is preserved. The axial rotation a does the exchanges B^B_{[j,0]} ↔ B^B_{[j,1]} and also B^B_{k4 ,s} ↔ B^B_{k4 ,s±1}.^5

5.1.2 Boundary states and one-loop amplitudes

We next provide the boundary states and cylinder amplitudes, both in the GSO projected theory.

5Note that ‘orientation of branes’ is defined in the GSO projected theory, while the ‘axial rotation a’ is defined before the GSO. This and the above paragraphs contain a certain abuse of language. This is the reason for the arbitrariness in, say, the “action of a on the branes.” There is of course a well-defined description in both before and after GSO, separately (as given in more detail in the following discussions).

– 51 –

A-branes. In the RCFT, the A-branes B_{j,n,s} are described by the Cardy states [75] |B_{j,n,s}⟩ = ∑ (j^′n^′s^′)∈M_k S_{(j,n,s)(j}′_{,n}′_{,s}′_) √ S_{(0,0,0)(j}′_{,n}′_{,s}′_) |j^′, n^′, s^′⟩⟩ .

Under the global symmetry g_{n,s}, the branes are transformed as g_{n,s} : B_{j,n}′_{,s}′ → B_{j,n}′_{+n,s}′_{+s} . The cylinder amplitudes are ⟨B_{j,n,s}| e^{− πiτ H} | |B_{j′,n′,s′} ⟩ = ∑ j^{′′}∈P_k N^{j′′}_{jj}′ χ_j′′_{,n−n}′_{,s−s}′ (τ) . (5.2)

This shows that the open string Hilbert space is the sum of H_j′′_{,n−n}′_{,s−s}′ where j^{′′} runs over P_k such that N^{j′′}_{jj′} = 1.

B-branes. B-type boundary states are obtained by taking the Z_{k+2} × Z_2 orbit of A-type boundary states, followed by an application of the mirror map. They are labelled by (j, n, s) modulo the action of the group, (j, n, s) ∼ (j, n + 2, s) ∼ (j, n, s + 2). For each j there are only two orbits distinguished by s even or s odd. n is then even or odd as required by the selection rule. We also note that (j, n, s) ∼ (^k_2 − j, n + k, s). Thus, the states are labelled by [j, s] where j ≤ [^k_2 ] and s ∈ Z_2. The boundary states are |B^B_{[j,s]}⟩ = 1 √ 2k + 4 ∑ n^′,r (V_M ⊗ 1) |B_{j,n+2n}′_{,s+2r}⟩

= (k + 2)^{14} ∑ j^′ δ^{(2)}_{2j′} S_{jj}′ √ S_{0j}′ ( |j^′, 0, 0⟩⟩_B + (−1)^s|j^′, 0, 2⟩⟩_B ) . (5.3)

Since there is no RR-part, the brane is unoriented. If k is even, the orbifold action has fixed points at j =^k_4 . The above boundary states for j =^k_4 should be further resolved [21] (see [76] for a general discussion and [26, 27] for the original discussion in the context of WZW models with non-diagonal modular invariant) as | | |B k_{4 ,S} ⟩ = 1 2 (| | |B^B_[ k_{4 ,S]} ⟩ + √ k + 2 e^{−i πS22} ∑ s=±1 e^{−i πSs2} | | | k 4 , k + 2 2 , s ⟩⟩ B ) . (5.4)

Here, S can take the values −1, 0, 1, 2. S → S + 2 flips the sign of the RR part and thus corresponds to the orientation flip.

The action of the global symmetry g_{n,s} on the branes can be read off from the boundary states.

g_{1,1} : B^B_{[j,s]} → B^B_{[j,s+1]} , g_{0,2} : B^B_{[j,s]} → B^B_{[j,s]} , g_{1,1} : B^B_{k4 ,S} → B^B_{k4 ,S−(−1)S} , g_{0,2} : B^B_{k4 ,S} → B^B_{k4 ,S+2} . (5.5)

In particular, the unoriented brane B^B_{[j,s]} is invariant under the subgroup Z_{k+2} × Z_2 generated by g_{2,0} and g_{0,2}, while the oriented brane B^B_{k4 ,S} is invariant under the subgroup Z_{k+2} generated by g_{2,2}.

– 52 –

We will later compute parity-twisted partition functions. Since the B-parities are not always involutive (4.72), we need to have the boundary state on the circles twisted by P^2_{rqp} = g_{4r+2p,2p}. All B-branes are invariant under this, and one can indeed think about the boundary states on the circle twisted by this symmetry. For the construction, we use the fact [32] that boundary states of the orbifold C/G on the circle twisted by a quantum symmetry g_ρ associated with the character g → e^{2πiρ(g)} are given by | |B_{[i]}⟩^{C/G}_{gρ} = e^{iλ}√ |G| ∑ g∈G e^{−2πiρ(g)} | |B_{g(i)}⟩^C . (5.6)

Since the boundary states associated to long orbits remain invariant under the action of the symmetry group Z_{k+2} × Z_2, one can consider boundary states on circles with Z_{k+2} × Z_2 twisted boundary conditions. To construct those states, note that the group element g^r_{2,0} is mapped to a quantum symmetry of the orbifold model associated to the character g_{2n,2q} → e^{−2πi rnk+2} . Similarly, g^r_{0,2} is mapped to the character g_{2n,2q} → e^{πirq}. Hence, the boundary states on the twisted circles are | | |B^B_{[j,s]} ⟩ g_{2n}′_{,2s}′ = e^{iλ} √ 2(k + 2) ∑ n̄,s̄: even e^{πi n̄n} ′ k+2 e^{−πi s̄s′2} (V_M ⊗ 1) | | |B_{j,n} ^_{+n̄,s} ^_{+s̄} ⟩ (5.7)

= (2k + 4)^{14} e^{iλ} e^{− πinn} ′ k+2 e^{πiss′2} ∑ j^′ S_{jj}′ √ S_{0j}′ ( |j^′, n^′, s^′⟩⟩_B + (−1)^s|j^′, n^′, s^′ + 2⟩⟩_B ) .

The boundary state is an element of the twisted Hilbert space with twist g_{2n}′_{,2s}′ as indicated by the subscript. Note that |B^B_{[j,s]}⟩_{g2n′,2s′} = |B^B_{[j,s]}⟩_{g2(n′+k+2),2(s′+2)} . We now choose the n^′, s^′

dependent phase e^{iλ} = e^{πi nn} ′ k+2 e^{− πiss′}2 , which makes the boundary state real. This choice breaks the explicit invariance of the expression under shifts of n^′ by k + 2 and of s^′ by 2, effectively reducing the range of n^′, s^′ to n^′ ∈ {−^k_2 , . . . ,^{k+2}_2 } and s^′ ∈ {0, 1}. With this choice, the equations^{2n′}_2 = n^′ and^{2s′}_2 = s^′ hold exactly, not only modulo k + 2 or 2. The short orbit state (5.4) is only invariant under the elements of the subgroup generated by g_{2,2}, therefore, we can only construct twisted boundary states with the corresponding twists. They are | |B k_{4 ,S} ⟩ g_{2n}′_{,2n}′ = 1 2 (| | |B^B_{[k/4,S]} ⟩ g_{2n}′_{,2n}′ + √ k + 2 e^{−i πS22} ∑ s=±1 e^{−i πSs2} | |k 4 , k + 2 2 +n^′, s +n^′ ⟩⟩ B ) . (5.8)

The one-loop amplitudes. The cylinder amplitude makes sense for any two boundary states on the same twisted circle. Hence, we can consider the following amplitudes between long orbit branes ⟨B^B_{[j,s]}|e^{− πiτ H} |B^B_{[j}′_s′_]⟩_{g2n̄,2s̄} = ∑ 2j^{′′}+n^{′′}+s^{′′} even N^{j′′}_{jj′} δ^{(2)}_{s′−s+s′′} e^{πin̄n} ′′ k+2 −^{πis̄s′′}_2 χ j^{′′},n^{′′},s^{′′} (τ) . (5.9)

– 53 –

For short orbit branes, we obtain ⟨B^B_{k4 ,S}|e^{− πiτ H} |B^B_{k4 ,S′} ⟩_{g2n̄,2n̄} = = ∑ (j,n,s)∈M_k δ^{(2)}_{2j} δ^{(2)}_{S−S′−s} 1 + (−1)^{2j+n−s}2 e^{iπ}2^{(S2+S−S′2−S′)} 2 e^{πin̄nk+2 − πin̄s2} χ_{j,n,s}(τ) . (5.10) Since the long orbit branes only have non-vanishing overlap with the orbit part of the short orbit boundary state, one can easily obtain the cylinder involving a long and a short orbit brane from (5.9) by setting j^′ = k/4 and dividing by two.

5.2 Parity actions on D-branes and open strings Let us now compute the Möbius strip amplitudes in the GSO projected theory in order to find how the parity acts on the D-branes and on the open string states.

5.2.1 Geometrical picture Before doing the CFT computation, consider the actions in the geometrical picture. In section 4.2.5, we have seen that the A-parities act as the complex conjugation (4.29), folding the disk along the diameters, while B-parities act as the rotations (4.30), including the identity z → z as well as the inversion z → −z. This can already tell, roughly, how these parities act on the D-branes.

Let us first look how A-branes are transformed. The A-type parity a^ℓP_A acts on the disk as the reflection z → e^{πik+2 ℓ}z, mapping the initial/final points z_i(j, n) and z_f (j, n) of the brane B_{j,n,s} (5.1) as z_i(j, n) → z_f (j, ℓ − n) and z_f (j, n) → z_i(j, ℓ − n). Thus, the label (j, n) is mapped to (j, ℓ − n) and the orientation is flipped. If we denote the oriented segment from z_i(j, n) to z_f (j, n) by −→L_{j,n} and the one with reversed orientation by ←−L_{j,n}, the parity maps them as a^ℓP_A : −→L_{j,n} → ←−L_{j,ℓ−n} . (5.11) The B-type parity a^ℓP_B acts on the disk as the rotation z → e^{πik+2 ℓ}z, mapping the initial/final points as z_{i,f} (j, n) → z_{i,f} (j, n + ℓ). Thus, the transformation rule is a^ℓP_B : −→L_{j,n} → −→L_{j,n+ℓ} . (5.12) B-branes are D0-brane at the center or D2-branes located at the concentric disks whose radii are determined by j. Since concentric disks are invariant under both reflections z → e^{πik+2 ℓ}z and rotations z → e^{πik+2 ℓ}z, both A-type and B-type parities preserve the j-label of the B-branes. To find the action on the s (or S) label, we need a geometrical interpretation of s (or S), which is currently missing. This is found, however, by computing and reading the Möbius strip amplitudes, which we now do.

5.2.2 Möbius strips in RCFT A-type. A-type parities corresponds to PSS crosscaps and A-branes correspond to Cardy states. Thus, the actions of A-type parities on A-branes follow the general rule in RCFT: P_{n̄,s̄} : B_{j,n,s} → B_{j,n̄−n,s̄−s} . (5.13)

– 54 –

To compare this with the geometric action (5.11), we recall that the parity a^ℓP_A becomes the PSS-parity P_{ℓ−1,ℓ∓1} after GSO projection (4.77)–(4.80), where the ambiguity in the s-index is due to the symmetry (−1)^{^F} absent before GSO projection. Thus, (5.11) appears to suggest the action P_{n̄,•} : B_{j,n,•} → B_{j,n̄+1−n,•}, where the s-indices are hidden by • due to the ambiguity mentioned. The j-index is invariant as in (5.13) but the transformation of the n-index is different from the RCFT rule (5.13). A possible resolution of this problem is that the correspondence between the geometry and the boundary state depends on whether the boundary is on the left or on the right of the string. If the boundary state for the brane located at L_{j,n} is |B_{j,n,•}⟩ on the right-boundary but is ⟨B_{j,n−1,•}| on the right-boundary, then the two transformation rules (5.11) and (5.13) are consistent with each other. This is exactly the case in the Landau-Ginzburg description of the model where there is a similar geometric picture of the branes [22, 23], as we will see in the next section.

To find the parity action on the states, we compute the Möbius strip amplitudes, which is represented in the tree-channel by the overlap of the crosscap states and the boundary states. A computation as shown in appendix D leads to the following result ⟨C_{n̄,s̄}|q^H_t |B_{j,n,s}⟩ = ∑ j^′∈P_k N^{j′}_{jj}δ^{(2k+4)} 2n+n^′−n̄δ (4) 2s+s^′−s̄ϵ j,n,s n̄,s̄ (j ′, n^′, s^′)^χ_j′_{,n}′_{,s}′ (τ) , (5.14)

where ϵ^{j,n,s}_{n̄,s̄} is the sign factor

ϵ^{j,n,s}_{n̄,s̄} (j^′, n^′, s^′) = (−1)^{2j+j′+s̄· s−} ^s̄− ^s′ 2 2 +(n̄+k)^{n−} ^n̄−^n′ 2 k+2 σ_{0,n̄,s̄}σ_j′_n′_s′ . The factor N^{j′}_{jj}δ^{(2k+4)}_{2n+n′−n̄}δ^{(4)}_{2s+s′−s̄} indeed selects the character χ_j′_{,n}′_{,s}′ that appears in the B_{j,n̄−n,s̄−s}-B_{j,n,s} open string. From the above result one can read that the parity P_{n̄,s̄} acts on the open string Hilbert space as P_{n̄,s̄} = ϵ^{j,n,s}_{n̄,s̄} (j^′, n^′, s^′) e^{πi(L0 −hj,n,s)} on the subspace H_j′_{,n}′_{,s}′ . (5.15) B-type. For B-type parity, there is no general rule on the action on B-branes, but one can read it from Möbius strip amplitudes.

The Möbius strip with an unoriented B-brane at the boundary is given by ⟨C_{rqp}|q^H_t |B^B_{[j,s]}⟩_{g4r+2p,2p} = (5.16) = (−1)^{sq+p} ∑ (j^′,n^′,s^′): even δ^{(2)}_{s′,p}N^{j′}_{jj} e^{πi} ^ (2r+p)n′ 2(k+2) − πi ^ (2q+p)s′ 4 (−1)^{2j′ +n′+s′2} σ_j′_{,n}′_{,s}′ ^χ_j′_{,n}′_{,s}′ (τ)

A comparison of the Möbius and cylinder amplitude shows that the boundary label j is mapped to itself by all B-type parities, as expected from the geometrical consideration. The selection factor δ^{(2)}_{s′,p} shows that the p = 0 parities leave also the label s invariant, whereas those with p = 1 exchange even and odd boundary labels. Furthermore, the structure of the Möbius strip implies that the B-parity P_{rqp} can be obtained from P_{000} by combination with the symmetry elements g_{2r+p,2q+p}. This extends the claim (4.74) from the closed string sector to the open string sector.

– 55 –

The Möbius strip with an oriented B-brane at the boundary is given by ⟨C_{rqp}|q^H_t |B^B_{k4 ,S}⟩_{g4r+2p,2p} = (5.17) = (−1)^{Sq+r+q+p} ∑ (j,n,s)∈M_k δ^{(2)}_{2j} δ^{(2)}_{s,p}

1 + (−1)^{r+q}(−1)^{2j+n−s}2 2 e^{πi(2r+p)n} 2(k+2) − πi(2q+p)s 4 σ_{j,n,s}χ̂_{j,n,s}(τ) . Again, we see that the Cardy label j = k/4 remains invariant as expected from geometry. Also, parities with p = 0 map S-even branes to S-even branes and odd branes to odd branes, while p = 1 parities exchange them, as before. In the present case, however, the label S is defined mod 4. To obtain the refined information, note that the B k_{4 ,S′} -B k_{4 ,S} open string partition function (5.10) has the selection factor (1 + (−1)^{2j+n−s}2 e^{πi}2^{((S′)2 +S′−S2−S)})/2. Comparing with this, we find that the label S^′ of the image brane is identified as

(−1)^{r+q} = e^{πi2 (S′2+S′−S2−S)} . (5.18)

This determines the parity action on S mod 4:

p = 0, r + q even : B^B_{k4 ,S} → B^B_{k4 ,S}

p = 0, r + q odd : B^B_{k4 ,S} → B^B_{k4 ,S+2}

p = 1, r + q even : B^B_{k4 ,0} ↔ B^B_{k4 ,−1} , B^B_{k4 ,2} ↔ B^B_{k4 ,1}

p = 1, r + q odd : B^B_{k4 ,0} ↔ B^B_{k4 ,1} , B^B_{k4 ,2} ↔ B^B_{k4 ,−1} .

In comparison with the action of g_{n,s} on the branes (5.5), we see that this action is consistent with the claim P_{rqp} = g_{2r+p,2q+p}P_{000}.

5.3 Resolving GSO Let us now entangle the GSO projection and derive the Möbius strip amplitudes in the original N = 2 minimal model. This in particular enables us to compute the open string Witten indices.

5.3.1 Oriented branes vs. unoriented branes The first step is to find the relation of the boundary states of the model before and after the GSO projection. We use the following prescription. Let us consider a theory involving fermions with a mod-2 fermion number (−1)^F that can be used to define the non-chiral GSO projection. We are interested in how the open string amplitudes of the GSO projected theory can be defined in terms of the underlying theory. Let {O_a} be oriented D-branes and {U_j } be unoriented branes of the GSO projected theory. For each oriented brane O_a there is another brane O_{r(a)} which corresponds to the same boundary condition [a] but has an opposite sign in the GSO projection on the open string sector:

Tr_HGSO_{a,b} q^H = Tr_HGSO_{r(a),r(b)} q^H = Tr_{H[a],[b]}

1 + (−1)^F 2 q^H , (5.19)

Tr_HGSO_{a,r(b)} q^H = Tr_HGSO_{r(a),b} q^H = Tr_{H[a],[b]}

1 − (−1)^F 2 q^H . (5.20)

– 56 –

O_{r(a)} is the orientation reversal of O_a in this sense. The partition functions involving unoriented branes are

Tr_HGSO_{i,j} q^H = Tr_{Hi,j} q^H , (5.21)

Tr_HGSO_{a,i} q^H = 1 √ 2 Tr_{H[a],i} q^H . (5.22)

The factor of 1/ √ 2 may appear odd. However, in the spectrum between oriented and unoriented branes, there is always an odd number of real (or Majorana) fermion zero modes whose partition functions are odd powers of √ 2. Thus, it is only with the factor of 1/ √ 2 that the open string partition functions of the GSO projected theory have integer coefficients.

The above definition leads to the following expressions for the boundary states of the GSO projected theory

|B_rs_{(a)}⟩^{GSO} = 1 √ 2 |B_{[a]}⟩_{NSNS} +

(−1)^s √ 2 |B_{[a]}⟩_{RR} , (5.23)

|B_i⟩^{GSO} = |B_i⟩_{NSNS} . (5.24)

Example: free Dirac fermion. For illustration, we consider the free Dirac fermion ψ_±, ψ_±, and the following two boundary conditions

A : ψ_− = ψ_+ , ψ_− = ψ_+ ; B : ψ_− = ψ_+ , ψ_− = ψ_+ .

For both AA and BB open strings, the space of states is the Fock space of the complex Clifford algebra generated by ψ_n, ψ_n = ψ^†_{−n} (n ∈ Z) obeying the relation {ψ_n, ψ_m} = δ_{n+m,0}, {ψ_n, ψ_m} = 0. In particular, the partition functions Tr_{AA} e^{iαFA} q^H and Tr_{BB} e^{iαFV} q^H have integer coefficients in the expansion by e^{iαQN} q^{EN} , where F_A = ψ_−ψ_− + ψ_+ψ_+ and F_V = −ψ_−ψ_− + ψ_+ψ_+ are the fermion numbers conserved in the respective open string system. Let us now consider the AB-string. There is one real fermion zero mode, the zero mode of Re(ψ_−) or equivalently of Re(ψ_+), whose partition function is [77] √ 2 . The non-zero modes are positive-integer as well as positive-half-integer moded complex fermions, with the zero point energy −^1_{24} +^1_{16} =^1_{48} . Thus the total partition function is

Tr_{AB} q^H = √ 2q^{148} ∞∏ n=1 (1 + q^n)(1 + q^{n− 12} ) .

Let us now consider GSO projection by the operator

(−1)^F = e^{πiFA} .

The projected theory is the sigma model on the circle of radius R = √ 2, X ≡ X + 2πR, where the correspondence is ψ_±ψ_± = (∂_tX ± ∂_σX)/ √ 2. The boundary condition A

– 57 – implies ψ_−ψ_− = −ψ_+ψ_+ or equivalently the Dirichlet boundary condition ∂_tX = 0 (for a D0-brane), while the boundary condition B implies ψ_−ψ_− = ψ_+ψ_+ or equivalently the Neumann boundary condition ∂_σX = 0 (for a D1-brane). A more careful inspection of the boundary states shows that the location of the D0-brane is at X = 0 or X = πR, and the Wilson line for the D1-brane is zero. Namely, |D_{πsR}⟩ = 1 √ 2 |B_A⟩_{NSNS} +

(−1)^s √ 2 |B_A⟩_{RR} , (5.25)

|N_0⟩ = |B_B⟩_{NSNS} . (5.26)

In fact, the DN-string has odd-integer moded bosonic field and the partition function is

Tr_{DN} q^H = q^{148} ∞∏ n=1 (1 − q^{n− 12} )^{−1}

= q^{148} ∞∏ n=1 (1 + q^n)(1 + q^{n− 12} ) = 1 √ 2 Tr_{AB} q^H .

This is indeed in agreement with the relation ⟨D|q^H_t |N⟩ =^{1√}_{2 NSNS} ⟨B_A|q^H_t |B_B ⟩_{NSNS} that follows from (5.25) and (5.26).

5.3.2 A-type All the A-branes B_{j,n,s} are oriented where the orientation is flipped by the shift s → s + 2. Thus, the boundary states of the projected theory is composed of the NSNS and RR sector states as |B_{j,n,s}⟩ = 1 √ 2 |B_{j,n}⟩_{NSNS} + 1 √ 2 |B_{j,n,(s)}⟩_{RR} . (5.27)

In other words, the boundary states before the GSO projection are given by

|B_{j,n}⟩_{NSNS} = 1 √ 2 |B_{j,n,s}⟩ + 1 √ 2 |B_{j,n,s+2}⟩ , |B_{j,n,(s)}⟩_{RR} = 1 √ 2 |B_{j,n,s}⟩ − 1 √ 2 |B_{j,n,s+2}⟩ . We have retained the orientation dependence for the RR-boundary states, so that the orientation flip corresponds to the sign flip |B_{j,n,(s+2)}⟩_{RR} = −|B_{j,n,(s)}⟩_{RR} .

The spectrum of the open string before the GSO projection is found by computing the ordinary partition function Tr_{(j,n),(j}′_{,n}′_) q^H =_{NSNS} ⟨B_{j,n}|q^H_t |B_j′_{,n}′ ⟩_{NSNS} . Using the above identification of |B_{j,n}⟩_{NSNS} and the formula (5.2), we find H_{(j,n),(j}′_{,n}′_) = ⨁ 2j^{′′}+n−n^′+s^{′′} even N^{j′′}_{jj′} H^{N =2}_j′′_{,n−n}′_{,s}′′ (5.28)

where H^{N =2}_{j,n,0} and H^{N =2}_{j,n,1} are the representations of the Neveu-Schwarz and Ramond N = 2 super-Virasoro algebra which is defined as H^{N =2}_{j,n,[s]} = H_{j,n,s} ⊕ H_{j,n,s+2} . (5.29) where j ∈ P_k, n ∈ Z_{k+2}, and [s] ∈ Z_2 is the mod 2 reduction of s ∈ Z_4.

– 58 –

Let us now compute the open string Witten index. B_{j,n,(s)} at the left boundary and B_j′_{,n}′_{,(s}′_) at the right boundary preserve the same supersymmetry if and only if s − s^′ is odd. Then, the index is given by I(B_{j,n,(s)}, B_j′_{,n}′_{,(s}′_)) =_{RR}⟨B_{j,n,(s)}|q^H_t |B_j′_{,n}′_{,(s}′_)⟩_{RR} = ⟨B_{j,n,s}|q^H_t |B_j′_{,n}′_{,s}′ ⟩ − ⟨B_{j,n,s}|q^H_t |B_j′_{,n}′_{,s}′_{+2}⟩ = ∑ j^{′′}:ev N^{j′′}_{jj′} δ^{(2)}_{s−s′+1} ( χ_j′′_{,n−n}′_{,s−s}′ − χ_j′′_{,n−n}′_{,s−s}′_{+2} ) (τ) = ∑ j^{′′} N^{j′′}_{jj′} ( δ^{(4)}_{s−s′,1} − δ^{(4)}_{s−s′,−1} ) ( δ^{(2k+4)} n−n^′,2j^{′′}+1 − δ (2k+4) n−n^′,−2j^{′′}−1 )

= (−1)^{s−s′ +12} N^n ′−n−1 2 jj^′ . (5.30)

Here, N is the periodically continued fusion rule coefficient [20], N^{j′′}_{jj′} = N^{j′′+(k+2)}_{jj′} = −N^{−j′′−1} jj^′ , N 1 2 jj^′ = N k+1 2 jj^′ = 0. This continuation is the same as the analytic continua-

tion using the Verlinde formula, which expresses the fusion rule coefficient N in terms of elements of the modular S-matrix.

Let us next compute the open string index twisted by the parity symmetry P_A. We recall that P_A commutes with the supercharge Q_+ +Q_− which is the combination preserved by the B_{j,n,(s)}-B_j′_{,n}′_{,(s}′_)-string with s even and s^′ odd. Recall also that P_A corresponds to P_{−1,−1} in the GSO projected theory under which the B_{j,n,s}-B_{j,−n−1,−s−1}-string is invariant. Thus, we consider the twisted Witten index for the B_{j,n,(s)}-B_{j,−n−1,(−s−1)}-string in the original minimal model: I_{PA} (B_{j,n,(s)}, B_{j,−n−1,(−s−1)}) =_{RR}⟨B_{j,n,(s)}|q^H_t |C_{PA} ⟩ = ⟨B_{j,n,s}|q^H_t |C_{−1,−1}⟩ + ⟨B_{j,n,s}|q^H_t |C_{−1,1}⟩ . Using the formula (D.3), we find that the summands are ⟨B_{j,n,s}|q^H_t |C_{−1,∓1}⟩ = = (−1)^{s2} ∑ 2j′ even n′ odd

( δ^{(2k+4)} n,^{−1−^n′}_2 − (−1)^kδ^{(2k+4)}_{n, −1−^n′} 2 +k+2 ) (−1)^{2j+j′} N^{j′}_{jj} σ_{0,−1,∓1} σ_j′_{,n}′_{,∓1} ^χ_j′_{,−n}′_{,±1} .

Note that σ_{0,−1,∓1} = ±1 and ^χ_j′_{,−n}′_{,1} σ_j′_{,n}′_{,−1} − ^χ_j′_{,−n}′_{,−1} σ_j′_{,n}′_{,1} = δ_n′_{,−2j}′_{−1} − δ_n′_{,2j}′_{+1}.

This shows that I_{PA} (B_{j,n,(s)}, B_{j,−n−1,(−s−1)}) = = (−1)^{s2} ∑ j^′∈P_k (−1)^{2j+j′} N^{j′}_{jj} ( δ^{(2k+4)} n,j^′ − (−1) kδ^{(2k+4)} n,j^′+k+2 − δ (2k+4) n,−j^′−1 + (−1) kδ^{(2k+4)} n,−j^′−1+k+2 )

= (−1)^{s2} ∑ j^′∈P_k N^{j′}_{jj} ( δ^{(2k+4)} j^′,n − δ (2k+4) j^′,n+(k+2) + δ (2k+4) j^′,−n−1 − δ (2k+4) j^′,(k+2)−n−1 ) . (5.31)

– 59 –

Similar to the untwisted open string Witten index, this index can be expressed as a periodically continued fusion rule coefficient: I_{PA} (B_{j,n,(s)}, B_{j,−n−1,(−s−1)}) = (−1)^{s2} ~N^n_{jj} , (5.32) where ~N^{j′}_{jj} is the SU(2) fusion rule coefficient with the periodic continuation ~N^{j′}_{jj}=− ~N^{j′+k+2}_{jj} = ~N^{−j′−1} jj . Note that this periodic continuation is different than the one that appears in the untwisted open string Witten index (5.30). While the fusion rule coefficients appear in the open string channel of the cylinder diagram, the quantity that governs the Möbius strip amplitude is the Y -tensor, and the periodicity is in fact the one inherited from the Y -tensor. To see this, recall that

N^{j′}_{jj} = (−1)^{j′+2j}Y^{j′}_{j0} = (−1)^{j′+2j} ∑ j^{′′} 4 k + 2 sin π^{(2j′+1)(2j′′ +1)}

2(k+2) sin π

(2j+1)(2j^{′′} +1)

k+2 sin π^{(2j′′+1)}_{2(k+2)} sin π^{2j′′+1}_{k+2} , whose analytic continuation indeed agrees with the one derived above.

We will compute the same index in the Landau-Ginzburg description of the model in the next section.

5.3.3 B-type We now consider B-branes and B-parities. We shall omit the superscript “B” for the branes in this subsubsection. The boundary states of the unoriented branes B_{[j,s]} and the oriented branes B k_{4 ,S} are written in terms of those before GSO projection as

|B_{[j,s]}⟩ = |B_{[j,s]}⟩_{NSNS} , (5.33) |B k_{4 ,S}⟩ = 1 √ 2 |B k_{4 ,[S]}⟩_{NSNS} + e^{− πi}2^{(S2+S)} √ 2 |B k_{4 ,[S]}⟩_{RR} . (5.34)

[S] is the mod 2 reduction of the mod 4 integer S, and the phase factor e^{− πi}2^{(S2+S)} represents the sign flip of the RR-part under the orientation reversal S → S + 2.

Let us find the open string spectrum before the GSO projection. As in the A-type case, this can be read off from the ordinary partition function Tr_{ab} q^H =_{NSNS} ⟨a|q^H_t |b⟩_{NSNS} , which is computable using the relation to the boundary states of the GSO projected theory, (5.33)– (5.34), and the formulae (5.9)–(5.10). We find that the spectrum of B_{[j,s]}-B_{[j}′_{,s}′_]-strings and B k_{4 ,[S]}-B k_{4 ,[S′]}-strings is H_{[j,s],[j}′_{,s}′_] = ⨁ 2j^{′′}+n^{′′}+s−s^′ even N^{j′′}_{jj′} H^{N =2}_j′′_{,n}′′_{,s−s}′ , (5.35) H_( k_{4 ,[S]),(} k_{4 ,[S′])} = ⨁ 2j,n+S−S′ even (j,n)≡( k2 −j,n+k+2) H^{N =2}_{j,n,[S−S}′_] , (5.36)

where H^{N =2}_{j,n,0/1} are the N = 2 NS/R modules (5.29). We would like to identify the action of the symmetries a^{2m} and (−1)^F a^{2m} on these open string Hilbert spaces. We shall find it using the following guideline:

– 60 –

• a^{2m} must commute with the supersymmetry,

• (−1)^F a^{2m} must anticommute with the supersymmetry,

• They must induce the symmetry g_{2m,2m} or g_{2m,2m+2} after GSO projection.

Let us first look at the B_{[j,s]}-B_{[j}′_{,s}′_]-string. Looking at the Cylinder amplitudes (5.9) one observes that g_{2n̄,2s̄} acts as the phase e^{πi( n̄n} ′′ k+2 −^{s̄s′′}_2 ) on the subspace H j^{′′}n^{′′}s^{′′} . This

shows that g_{2m,0} commutes with the supersymmetry and g_{2m,2} anti-commutes with the supersymmetry. This fixes the identification as

a^{2m} ≡ g_{2m,0} , (5.37) (−1)^F a^{2m} ≡ g_{2m,2} . (5.38)

The boundary state identification |B_{[j,s]}⟩ = |B_{[j,s]}⟩_{NSNS} := |B_{[j,s]}⟩_{(−1)}F is now generalized by the twists as

|B_{[j,s]}⟩_{g2m,0} = |B_{[j,s]}⟩_{(−1)}F_a2m , (5.39) |B_{[j,s]}⟩_{g2m,2} = |B_{[j,s]}⟩_a2m . (5.40) Next, consider the B k_{4 ,[S]}-B k_{4 ,[S′]}-string. Looking at the formula (5.10), we find that g_{2n̄,2n̄} acts as e^{−πin̄J0} on the subspace of H_( k_{4 ,[S]),(} k_{4 ,[S′])} that survives the GSO projection. The operator e^{−πin̄J0} commutes (anti-commutes) with the supersymmetry for even n̄ (odd n̄). Thus, we identify g_{2m,2m} = e^{−πimJ0} = (−1)^{mF} a^{2m} . (5.41)

In particular, the twisted version of the boundary state identification (5.34) is

|B k_{4 ,S}⟩_{g2m,2m} = 1 √ 2 |B k_{4 ,[S]}⟩_{(−1)}(m+1)F_a2m + e^{− πi}2^{(S2+S)} √ 2 |B k_{4 ,[S]}⟩_{(−1)}mF_a2m . (5.42)

In particular, we find |B k_{4 ,[S]}⟩_a2m = e^{−iθS} √ 2 [ |B k_{4 ,S}⟩_{g2m,2m} + (−1)^{m−1}|B k_{4 ,S+2}⟩_{g2m,2m} ] (5.43)

= 1√ 2 |B_[ k_{4 ,S]}⟩_{g2m,2m} m odd e^{−iθS} √_{k+2}

2 e^{−πiS2}2 ∑ s=±1 e −πiSs 2 |^k_4 ,^{k+2}_2 + m, s + m⟩⟩_B m even

where e^{iθS} = 1 for odd m and e^{iθS} = e^{− πi}2^{(S2+S)} for even m.

Open string Witten index. As an application of (5.39), (5.40) and (5.42), let us compute the open string Witten index from the tree-channel.

We start with the open string stretched between unoriented B-branes. B_{[j,s]} on the left boundary and B_{[j}′_{,s}′_] on the right boundary preserve the same supersymmetry if s − s^′

– 61 – is odd. Thus we consider the Witten index for odd s − s^′, twisted by an axial rotation symmetry: Tr_{[j,s],[j′,s′]} a^{2m}(−1)^F q^H =_a2m⟨B_{[j,s]}|q^H_t |B_{[j}′_{,s}′_]⟩_a2m =_{g2m,2}⟨B_{[j,s]}|q^H_t |B_{[j}′_{,s}′_]⟩_{g2m,2} = ∑ j^{′′}∈P_k N^{j′′}_{jj′} ( e^{πi( m(2j} ′′ +1) k+2 −^1_2 ) − eπi(−^{m(2j′′ +1)}_{k+2} −^1_2 ) ) . (5.44)

The ordinary index (the one with m = 0) vanishes. This means that there are equal number of bosonic and fermionic supersymmetric ground states — for each j^{′′} with N^{j′′}_{jj′} ≠ 0 there is one ground state from H^{N =2}_j′′_{,2j}′′_{+1,1} and another from H^{N =2}_j′′_{,−2j}′′_{−1,1} which contribute to the index with opposite signs. The index escapes from vanishing if twisted by an operator a^{2m} that acts differently on those ground states.

Let us next consider the index for the string stretched between oriented B-branes. The boundary conditions B k_{4 ,[S]} on the left and B k_{4 ,[S′]} on the right preserve the same supersymmetry. Thus, the open string Witten index is defined for odd S − S^′ and is given by

Tr_{( k4 ,[S]),( k4 ,[S′])} a^{2m}(−1)^F q^H =_a2m ⟨B k_{4 ,[S]}|q^H_t |B k_{4 ,[S′]}⟩_a2m = 1 2 ⟨B_[ k_{4 ,S]}|B_[ k_{4 ,S′]}⟩_{g2m,2m} (m odd) e^{i(θS −θS′ )} [ ⟨B k_{4 ,S}|B k_{4 ,S′} ⟩−⟨B k_{4 ,S}|B k_{4 ,S′+2}⟩ ] g_{2m,2m} (m even) = ∑ j∈P_k∩Z e^{πim( 2j+1k+2 − 12 )} . (5.45)

This is consistent with the fact that there are^{k+2}_2 ground states from H^{N =2}_{j,2j+1,1}, j ∈ P_k ∩Z. They are all regarded bosonic and a^{2m} acts on them by phase e^{πim( 2j+1k+2 − 12 )}. For even m, the result can also be evaluated as { 0 (m even, m ≠ 0) k+2 2 (m = 0) .

The vanishing for twists with m even, m ≠ 0, is most easily understood in terms of the closed string channel: by (5.43) we see that the propagating closed string states are in the representation (^k_4 ,^{k+2}_2 + m, s + m). There are no supersymmetric ground state in this sector, unless m = 0.

In both cases, the index behaves in the way it should. This may be regarded as a strong consistency test of the twisted versions of the boundary state identification, (5.40) and (5.42).^6 Now let us use them to compute the Möbius strip amplitudes of the theory before GSO projection.

6It would also be interesting to study the open string stretched between oriented brane and unoriented brane. Just as in the case of free fermion, we obtain √ 2 in the partition function. This signals the presence of an odd number of real fermion zero modes in the open string system. We do not, however, study it further in this paper.

– 62 –

Parity actions on boundary conditions. From the actions of parities P_{rqp} on the B-branes in the GSO projected theory, we see that the parities in the original model transforms the boundary conditions as

(−1)^{νF} a^{2m+1}P_B : { B_{[j,s]} → B_{[j,s+1]} B k_{4 ,[S]} → B k_{4 ,[S+1]}

(−1)^{νF} a^{2m}P_B : { B_{[j,s]} → B_{[j,s]} B k_{4 ,[S]} → B k_{4 ,[S]} .

In particular, the B-parities a^{2m+1}P_B transform the B_{[j,s]}-B_{[j,s+1]}-string to itself and B k_{4 ,[S]}-B k_{4 ,[S+1]}-string to itself.

Parity-twisted open string Witten index. The B-parities a^{2m+1}P_B commute with the supercharge Q_+ + Q_− which is the supersymmetry preserved by the B_{[j,0]}-B_{[j,1]}-string as well as by the B k_{4 ,[0]}-B k_{2 ,[1]}-string. Thus, we consider parity-twisted Witten index in such open string sectors.

We first consider the B_{[j,0]}-B_{[j,1]}-string. The index is expressed as

I_a2m+1_{PB} (B_{[j,0]}, B_{[j,1]}) := Tr_{[j,0],[j,1]} (−1)^F a^{2m+1}P_B q^H = ⟨B_{[j,0]}|q^H_t |C_a2m+1_{PB} ⟩ ,

where the boundary state should be the one on the circle twisted by the square of the parity (a^{2m+1}P_B )^2 = a^{4m+2}, which is_{g4m+2,2} ⟨B_{[j,0]}| by the identification (5.40). The crosscap state is the one given in eq. (4.83), and hence

I_a2m+1_{PB} (B_{[j,0]}, B_{[j,1]}) =_{g4m+2,2} ⟨B_{[j,0]}|q^H_t |C_{m,1}(+)⟩ × (−1)^m .

Since

√_{T (2)} −1 T^{(2)}_1

= 1, we find |C_{m,1}(+)⟩ = [|C_{m01}⟩ + |C_{m11}⟩]/ √ 2. The sum of the two pairings is the complex conjugate of the following

⟨C_{m01}|B_{[j,0]}⟩_{g4m+2,2} + ⟨C_{m11}|B_{[j,0]}⟩_{g4m+2,2} = = ∑ j′∈Pk∩Z n′ odd, s′=±1 N^{j′}_{jj} e^{πi(} ^ 2m+1)n′ 2(k+2) ( e− πis′ 4 + e^{πis′4} )(−1)^{2j′ +n′+s′2 +1}σ_j′_n′_s′ ^χ_j′_n′_s′

= √ 2 ∑ j′∈Pk∩Z n′ odd N^{j′}_{jj} e^{πi(} ^ 2m+1)n′ 2(k+2) (−1) 2j′ +n′+s′ 2 +1(σ j^′n^′1 ^χj^′n^′1 − σj^′n^′,−1 ^χj^′n^′,−1)

= √ 2 ∑ j^′∈P_k∩Z N^{j′}_{jj} ( e^{πi(} ^ 2m+1)(2j′+1) 2(k+2) + e− πi( ^ 2m+1)(2j′+1) 2(k+2) ) . Thus, we find

I_a2m+1_{PB} (B_{[j,0]}, B_{[j,1]}) = (−1)^m ∑ j^′∈P_k∩Z N^{j′}_{jj} ( e^{πi (} ^ 2m+1)(2j′+1) 2(k+2) + e−πi ( ^ 2m+1)(2j′+1) 2(k+2) ) . (5.46)

This shows that the B-parity a^{2m+1}P_B acts on the supersymmetric ground states in H^{N =2}_{j′,±(2j′+1),1} by the phase ±(−1)^m e^{±πi (} ^ 2m+1)(2j′+1) 2(k+2) .

– 63 –

We next consider the B k_{4 ,[0]}-B k_{2 ,[1]}-string. The index is represented in the tree-channel as the pairing ⟨B k_{4 ,[0]}|q^H_t |C_a2m_{PB} ⟩. The boundary state is the one on the circle twisted by a^{4m+2} = a^{2(2m+1)}, which is_{g4m+2,4m+2} ⟨B_[ k_{4 ,0]}| ×^{1√}_2 by the identification (5.43):

I_a2m+1_{PB} (B k_{4 ,[0]}, B k_{4 ,[1]}) =_{g4m+2,2} ⟨B_[ k_{4 ,0]}|C_{m,1}(+)⟩ ×

(−1)^m √ 2 . The computation thus reduces to the special case j =^k_4 of the unoriented branes, the difference being a division by √ 2. Since N^{j′}_{k4 k4} = 1 for any j^′ ∈ P_k ∩ Z we find

I_a2m+1_{PB} (B k_{4 ,[0]}, B k_{4 ,[1]}) =

(−1)^m √ 2 ∑ j^′∈P_k∩Z ( e^{πi(} ^ 2m+1)(2j′+1) 2(k+2) + e− πi( ^ 2m+1)(2j′+1) 2(k+2) )

= (−1)^m ∑ j^′∈P_k∩Z 1 + e^{−πi ^2m+1}2 √ 2 e^{πi(} ^ 2m+1)(2j′+1) 2(k+2) ,

where, in the second step, we made the change of variable j^′ →^k_2 − j^′ for the second term of the summand. Note at this point that (1 + e^{−πi ^2m+1}2 )/ √ 2 = e^{±πi/4}. This shows that the index is given by

I_a2m+1_{PB} (B k_{4 ,[0]}, B k_{4 ,[1]}) = α_m ∑ j∈P_k∩Z e^{πi ^2m+12 ( 2j}

′ +1

k+2 −^1_2 ) , (5.47)

where α_m is a phase ±1, ±i depending only on m. This shows that the B-parity a^{2m+1}P_B acts on the supersymmetric ground state in H^{N =2}_{j,2j+1,1} as the phase multiplication by

α_m e^{πi ^2m+12 ( 2j} ′+1 k+2 −^1_2 ).

6. Landau-Ginzburg orientifolds

The N = 2 minimal model is realized as the infra-red fixed point of the N = 2 Landau- Ginzburg model of a single chiral superfield Φ with superpotential

W = Φ^{k+2} . (6.1)

In this section, we study parity invariance and orientifolds of Landau-Ginzburg models and apply the result to the particular example (6.1). We start by determining the condition for a parity to preserve A-type or B-type supersymmetry. We next find the integral expression of the overlap of the crosscap states and the supersymmetric ground states. Also, the twisted Witten indices are interpreted as the ‘intersection numbers’ of O-planes and O-planes or O-planes and D-branes. We then specialize to the model with the superpotential (6.1). The results on the overlaps of crosscaps and supersymmetric ground states and Witten indices agree with the ones of the N = 2 minimal model obtained in section 4.5.

– 64 –

6.1 A-parity and B-parity

Let us consider a Landau-Ginzburg model of chiral superfields Φ = (Φ^i) with the lagrangian L = ∫ d^4θ K(Φ, Φ) + ∫ dθ^−dθ^+ W (Φ)|_θ±_{=0} + ∫ dθ^+dθ^− W (Φ)|_θ±_{=0} . (6.2)

K(ϕ, ϕ) is the Kähler potential for a non-degenerate Kähler metric g_{iȷ} = ∂^2K/∂ϕ^i∂ϕ^ȷ, and the superpotential W (ϕ) is a holomorphic function of (ϕ^1, . . . , ϕ^n). In terms of the component fields (ϕ^i, ψ^i_±) of Φ^i, the lagrangian has the kinetic and four-Fermi terms for the non-linear sigma model and also a potential term −g^{iȷ}∂_iW ∂_ȷW as well as the fermion mass term (or ‘Yukawa coupling’) −(D_i∂_j W ψ^i_+ψ^j_− + c.c.). We may regard ϕ^i as local complex coordinates of some Kähler manifold X, but we assume that the first Chern class of X is zero, so that the B-twist is possible. For the existence of a non-trivial holomorphic function W , X has to be non-compact.

The supercharges are expressed as

Q_+ = ∫ dx^1 ( g_{iȷ}(∂_0 + ∂_1)ϕ^ȷψ^i_+ − iψ^ı_−∂_ıW )

Q_− = ∫ dx^1 ( g_{iȷ}(∂_0 − ∂_1)ϕ^ȷψ^i_− + iψ^ı_+∂_ıW )

Q_+ = ∫ dx^1 ( g_{iȷ}ψ^ȷ_+(∂_0 + ∂_1)ϕ^i + iψ^i_−∂_iW )

Q_− = ∫ dx^1 ( g_{iȷ}ψ^ȷ_−(∂_0 − ∂_1)ϕ^i − iψ^i_+∂_iW ) . We would like to find a parity symmetry that transforms the supercharges as (2.1) or (2.2) — A-parity or B-parity.

Let us first consider the A-parity that exchanges Q_+ ↔ Q_−. By looking at the expression for the supercharges, it is clear that an A-parity should map the holomorphic coordinates to antiholomorphic coordinates. Furthermore, the superpotential should be conjugated. Namely, an A-parity is given by τ_AΩ, where τ_A is an antiholomorphic involution of the Kähler manifold X such that

W (τ_Aϕ) = W (ϕ) + constant . (6.3)

This is anomaly-free since we assume that the first Chern class of X is zero. Suppose that the Kähler potential is the flat one K = ∑ i |Φ^i|^2 and the superpotential W = ∑ a_{i1...ir} Φ^{i1} · · · Φ^{ir} has all real coefficients, a_{i1...ir} ∈ R. Then, for the complex conjugation τ : ϕ^i → ϕ^i, τΩ is an A-parity. In terms of the superfields, this is given by

Φ^i −→ Ω^∗_AΦ^i ,

and the lagrangian (6.2) is manifestly invariant since Ω_A : θ^± → −θ^∓ maps the measure dθ^−dθ^+ to dθ^+dθ^−.

Next we consider the B-parity Q_+ ↔ Q_−. Again by looking at the expression of the supercharges, we find that a B-parity should map the holomorphic coordinates to

– 65 – holomorphic coordinates. Since the coefficients of ¯∂W terms are opposite between Q_+ and Q_−, we also find that W should be mapped to minus itself, −W , up to a constant addition. Thus a B-parity is given by τ_BΩ where τ_B is a holomorphic involution of the Kähler manifold X such that

W (τ_Bϕ) = −W (ϕ) + constant . (6.4)

The minus sign can also be understood by looking at the fermion mass term W^{′′}(ϕ)ψ_+ψ_−: the worldsheet chirality flip Ω exchanges ψ_+ and ψ_− and thus maps ψ_+ψ_− → ψ_−ψ_+ = −ψ_+ψ_−. To compensate this minus sign, the superpotential itself has to flip its sign. In terms of the superfields, the parity action is given by

Φ^i −→ τ^i_B(Ω^∗_B Φ) .

The lagrangian expressed in the superspace (6.2) is manifestly invariant under this, since W (τ_B Φ) = −W (Φ) + constant and Ω_B : θ^± → θ^∓ flips the sign of the measure dθ^−dθ^+.

One may also consider the variants of A- and B-parities. For an antiholomorphic involution τ_A such that W (τ_Aϕ) = e^{2iα}W (ϕ)+const, one can define an A_{α,0}-parity (that does Q_+ ↔ e^{−iα}Q_−) by combining τ_AΩ and a vector R-rotation. Starting with a B-parity, the B_{0,β}-parity (that transforms Q_+ ↔ e^{−iβ} Q_−) is obtained by an additional action of an axial R-rotation (which is a symmetry of the model under the assumption of c_1(X) = 0). For an antiholomorphic involution τ_A such that W (τ_Aϕ) = −W (ϕ)+const, the operator (−1)^{FR} τ_AΩ is an ~A-parity (that does Q_+ → −Q_−, Q_− → Q_+). If τ_B is a holomorphic involution such that W (τ_B ϕ) = W (ϕ)+const rather than (6.4), then (−1)^{FR} τ_BΩ is a ~Bparity (transforming Q_+ → −Q_−, Q_− → Q_+).

6.2 Overlap of crosscap and RR ground states

Let us consider the A-parity associated with an antiholomorphic involution τ of X such that W (τϕ) = W (ϕ)+const. We will compute the overlaps of the crosscap states and the RR ground states. If we use the ground state corresponding (via a B-twist) to the cc ring elements, the overlaps do not depend on the twisted chiral parameters. In particular, one can take the large-volume limit of X where the zero-mode approximation is exact. This is precisely as in the case of overlaps of the boundary state for A-branes and the same set of ground states [22, 23].

We recall that an A-brane in a massive LG model is wrapped on a lagrangian submanifold γ consisting of the collection of gradient flow lines of Re(W ) starting from a critical point. Its image in the W -plane is a straight line emanating from the critical value and extending in the real-positive direction. The overlaps with RR ground states are expressed as the integrals over γ of the ground state wavefunctions of the zero mode quantum mechanics. The ground states are middle-dimensional forms on X annihilated by the supercharges Q_+ = ∂ − i∂W ∧ , Q_+ = ∗(−∂ + i∂W ∧)∗ , Q_− = ∂ + i∂W ∧ , Q_− = ∗(−∂ − i∂W ∧) ∗ . (6.5)

– 66 –

We choose two sets of such ground states {ω_i} and {ω_ĩ} to be used in the overlaps Π^γ_i = ⟨B_γ |i⟩ and ~Π^γ_ĩ = ⟨ĩ|B_γ ⟩. The overlaps are expressed as

Π^γ_i = ∫ γ e^{−i(W −W )}ω_i , ~Π^γ_ĩ = ∫ γ e^{i(W −W )} ∗ ω_ĩ . (6.6)

The factors e^{∓i(W −W )} are simply some constants on γ, but they turn the integrands into closed forms on X.^7 Since the integrands are closed, we can deform the cycle γ without changing the integrals. We deform it to γ^− for Π^γ_i and to γ^+ for ~Π^γ_ĩ , where γ^∓ are such that the W -image is rotated by the small phase e^{∓iϵ} around the critical value. Even though the boundaries are moved, this rotation does not change the integral since e^{∓i(W −W )} works as a convergence factor. At this point, one can replace ω_i (resp. ω_ĩ) by another representative of the (Q_+ + Q_−) cohomology class (resp. (Q_+ + Q_−) cohomology class). Convenient representatives are of the forms e^{−iW} ϕ_iΩ for ω_i and e^{−iW} ϕ_iΩ for ω_ĩ, where ϕ_i are chiral ring elements and Ω is the nowhere vanishing holomorphic n-form of X. Thus, we find alternative expressions

Π^γ_i = ∫ γ^− e^{−iW} ϕ_iΩ , ~Π^γ_ı = ∫ γ^+

e^{−iW} ϕ_i ∗ Ω . (6.7)

It is useful to think of this in terms of cohomology theory. Note that γ^± defines an element of the relative homology group H_n(X, B_±; Z), where B_± is a region in X such that ± Im(W ) > R for a large positive R. On the other hand, e^{−iW} ϕ_iΩ and e^{−iW} ϕ_i ∗ Ω form a basis of the relative cohomology groups H^n(X, B_−; C ) and H^n(X, B_+; C ). The overlaps are simply the natural pairings.

In the above argument, we have assumed that the critical points are all non-degenerate and the corresponding vacua are massive. Suppose now that W has degenerate critical points and the theory flows to a non-trivial superconformal field theory. Let us assume that the theory can be deformed to a massive theory by deforming the superpotential ΔW , which does not affect the asymptotic behaviour at infinity. This is the case, for example, in the minimal model W = Φ^{k+2}, where the addition of a generic lower-order term splits the degenerate critical point to k + 1 non-degenerate critical points, without changing the asymptotic behaviour. In such a case, we can apply the above to the deformed theory, obtaining the integral formula for the overlap of the boundary states and RR ground states. Since the expression obtained in this way is analytic in the perturbation ΔW , the overlaps for the theory before deformation are obtained by just setting ΔW → 0. In this way, we see that for such a class of SCFT, we also have the same integral formula for the overlaps of the boundary states and RR ground states. In what follows, this line of argument will be frequently used or assumed. In the computation involving crosscap states, the only thing to be careful of is that the deformation ΔW must preserve the parity under consideration. As for the A-parity Φ → Ω^∗_AΦ for the minimal model, this is ensured by using a real polynomial ΔW of lower order.

7The factors e^{∓i(W −W )} are also naturally induced from the modification of the boundary term so that the open string ground state energy is zero. They also make the overlaps obey the parallelism ∇Π = ∇~Π = 0.

– 67 –

Figure 6: Deformed orientifold planes for τ : ϕ → ϕ in the models with X = C and superpotential (a) W = Φ^4 and (b) W = Φ^3. The shaded regions are B_− and the bold (broken) lines are the deformed orientifold planes (X^τ )^−. The other ones B_+ and (X^τ )^+ are obtained by reflection with respect to the real line.

As in the case of D-branes, the overlaps Π^{τ Ω}_i = ⟨C_{(−1)}F_{τ Ω}|i⟩ and ~Π^{τ Ω}_ı = ⟨ı|C_{τ Ω}⟩ of the crosscap states and the ground states are expressed as the integration of ω_i or ∗ω_ı over the τ-fixed locus X^τ ⊂ X — the orientifold plane. As in the case of branes, one can put the constant factor e^{∓i(W −W )} in the integrand and deform the integration submanifold X^τ , in order to express the integral as the holomorphic (or antiholomorphic) integrals over deformed orientifold planes. We note that the W -image of X^τ is parallel to the real axis but not necessarily extending in the real-positive direction; it could also be extending in the real-negative direction or in both the real-positive and negative directions. Thus, in order for e^{∓i(W −W )} to work as the convergence factor, we deform the plane X^τ so that the W -image is rotated by the phase e^{∓iϵ} in the real-positive direction and by e^{±iϵ} in the real-negative direction. We call the resulting cycle X^{τ ∓}. (See figure 6.) Thus the overlaps are expressed as

Π^{τ Ω}_i = ∫ X^τ e^{−i(W −W )}ω_i = ∫ X^{τ −} e^{−iW} ϕ_iΩ , (6.8)

~Π^{τ Ω}_ı = ∫ X^τ e^{i(W −W )} ∗ ω_ı = ∫ X^{τ +} e^{−iW} ϕ_i ∗ Ω . (6.9)

The deformed orientifold planes define relative homology classes, [X^{τ ∓}] ∈ H_n(X, B_∓; Z). Then, one can consider the expressions (6.8) and (6.9) as the pairing of [X^{τ ∓}] and the basis of the group H^n(X, B_±; C ) defined by the chiral ring elements ϕ_i.

6.3 The twisted Witten index

Using the expressions for the overlaps with the RR ground states, one can find a homological formula for the Witten index. Inserting the expressions (6.6) into the bilinear

– 68 – identity (2.34), we find I(a, b) = ∑ i,ȷ ∫ γ^−_a e^{−β(W −W )}ω_i g^{iȷ} ∫ γ^+_b e^{iβ(W −W )} ∗ ω_ȷ ,

where g^{iȷ} is the inverse of the matrix g_{iȷ} = ∫ X ω_i ∧ ∗ω_ȷ. We have similar expressions for the twisted Witten indices I_{τ Ω} and I_{τ Ω}(a).

By Riemann’s bilinear identity, such expressions can be identified as certain intersection numbers (see [23]). Here, an essential role is played by Poincaré duality. For each homology class [C^+] in H_n(X, B_+) we find a cohomology class Pd[C^+] in H^n(X, B_−) such that ∫ X Pd[C^+] ∧ η_+ = ∫ C^+ η+ for any η+ ∈ H

n(X, B_+) and ∫ D^− Pd[C

+] = #(D^− ∩ C^+) for any D^+ ∈ H_n(X, B_+). It is roughly a delta function supported on C^+. Since the group H^n(X, B_−) is spanned by e^{−iβ(W −W )}ω_i, one can express the cohomology class Pd[C^+] as the linear combination ∑ i c^i e^{−iβ(W −W )}ω_i. The coefficients c^i can be found by taking the wedge product with e^{iβ(W −W )} ∗ ω_ȷ ∈ H^n(X, B_+) and integrating over X. This shows c^i = ∑ ȷ g^{iȷ} ∫ C^+ e iβ(W −W ) ∗ ω ȷ. Thus, we find the expression for Pd[C^+], or ∑ i,ȷ ∫ D^− e^{−iβ(W −W )}ω_i g^{iȷ} ∫ C^+

e^{iβ(W −W )} ∗ ω_ȷ = ∫ D^− Pd[C^+] = #(D^− ∩ C^+)

for D^− ∈ H_n(X, B_−).

Applying this to D^− = γ^−_a and C^+ = γ^+_b , we find

I(γ_a, γ_b) = #(γ^−_a ∩ γ^+_b ) . (6.10)

For the parity-twisted Witten index of the closed string, we find

I_{τ Ω} = #(X^{τ −} ∩ X^{τ +}) . (6.11)

This is the Landau-Ginzburg version of the index formula (3.5) in non-linear sigma models. For the parity-twisted Witten index for the γ-τγ open string, we find

I_{τ Ω}(γ) = #(γ^− ∩ X^{τ +}) . (6.12)

This is the LG counterpart of the index formula (3.6). We also find I_{τ Ω}(τγ) = #(X^{τ −} ∩γ^+), which is consistent with the above since #(γ^− ∩ X^{τ +}) = #(X^{τ −} ∩ (τγ)^+).

6.4 The case of W = Φ^{k+2}

The LG model with superpotential (6.1) flows to the level k N = 2 minimal model [16, 17] (see also [18]). The system has both vector and axial R-symmetries

U(1)_V : Φ(θ^±) → e^{2iαk+2} Φ( e^{−iα}θ^±) , U(1)_A : Φ(θ^±) → Φ( e^{∓iβ} θ^±) ,

which correspond to two combinations of the U(1)_R and U(1)_L R-symmetries (4.3). There is also a discrete symmetry generated by

Φ(θ^±) → e^{πik+2} Φ(±θ^±) ,

– 69 – which corresponds to the Z_{2(k+2)} symmetry (4.11). This was found by a subtle analysis of the anomaly in the gauged WZW model, but it is evident at the level of the classical lagrangian in the LG model.

The chiral ring of the model is C [ϕ]/W^′ (ϕ), namely, generated by ϕ and subject to the relation ϕ^{k+1} = 0. The ring elements correspond to the states

|j⟩_{cc} ↔ ϕ^{2j} . (6.13)

The antichiral fields correspond to the states

|j⟩_{aa} ↔ ϕ^{2j} . (6.14)

They can also be related to the RR ground states |j⟩_{RR} by spectral flow.

In what follows, we study orientifolds (and D-branes) of this LG model, and compare with the results obtained in the previous section.

6.4.1 A-orientifolds Let us first find the A-parities of the system. As discussed above, an A-parity is of the form τ_AΩ, where τ_A is an antiholomorphic map such that (τ_Aϕ)^{k+2} = ϕ^{k+2} up to a possible addition of a constant. We find k + 2 of them given by

τ^{2m}_A : ϕ → e^{2πimk+2} ϕ , m = 0, 1, . . . , k + 1 . (6.15)

We also find the same number of ~A-parities (−1)^{FR} τ^{2m+1}_A Ω, where

τ^{2m+1}

A : ϕ → e^{πi(2m+1)k+2} ϕ , m = 0, 1, . . . , k + 1 . (6.16)

Note that τ^ℓ_A maps the chiral primary fields ϕ^{2j} to antichiral primary fields e^{2πiℓjk+2} ϕ^{2j} . Comparing with the action of P^ℓ_A, which maps |j⟩_{cc} to e^{2πiℓjk+2} |j⟩_{aa} up to an ℓ-independent phase multiplication, we find that these are related as

a^{2m}P_A = τ^{2m}_A Ω , a^{2m+1}P_A = (−1)^{FR} τ^{2m+1}_A Ω , (6.17)

possibly with a uniform shift of m.

In what follows we study some properties of the parity for the involution τ = τ^0_A. Other A-parities are simply combinations with the discrete axial symmetries.

Closed string Witten index. The orientifold plane L for τΩ is the real line ϕ ∈ R. Its W -image is the semi-infinite line R_{≥0} for even k and the real line itself for odd k. Thus, the deformed orientifold planes L^± are straight lines e^{±iϵ}R for even k while they are infinitesimally bent lines e^{±iϵ}R_{≥0} ∪ e^{∓iϵ}R_{≤0} for odd k. This is shown in figure 7, where we have chosen an orientation of each of the planes. We find from this that the parity-twisted Witten index for the closed string is given by

I_{τ Ω} = #(L^− ∩ L^+) = { 1 k even 0 k odd .

(6.18)

This is in agreement with the result (4.94).

– 70 –

Figure 7: The deformed orientifold planes.

Overlap of the crosscap and the RR ground states. Let us compute the overlap of the crosscap states and the RR ground states using the LG model. The differential form ϕ_j Ω corresponding to the normalized ground state |j⟩_{RR} is

ϕ_jΩ = c_j ϕ^{2j} dϕ , (6.19)

where

c_j = −i e^{− πi(2j+1)2(k+2)} √ k + 2

Γ(^{2j+1}_{k+2} ) √ 2 sin(^{π(2j+1)}_{k+2} )

. (6.20)

We have chosen this normalization so that the associated ground states have unit norm ⟨ȷ|j^′⟩ = δ_{j,j}′ . (See appendix F for an explanation of this point.) It is straightforward to compute the integrals (6.8) and (6.9)

Π^{τ Ω}_j = c_j ∫ L^− e^{−iϕk+2} ϕ^{2j} dϕ , ~Π^{τ Ω}_ȷ = c_j ∫ L^+ e^{−iϕk+2} ϕ^{2j} ∗ dϕ .

They are

Π^{τ Ω}_j = i e^{− πi(2j+1)(k+2)}

1 + (−1)^{2j} √ 2(k + 2) sin(^{π(2j+1)}_{k+2} ) k even,

i e^{− πi(2j+1)} 2(k+2) e −^{πi(2j+1)} 2(k+2) + (−1)2j e πi(2j+1) 2(k+2) √ 2(k + 2) sin(^{π(2j+1)}_{k+2} ) k odd, (6.21)

– 71 –

Figure 8: D-brane transform τ : A_{af ,ai} → A_{−af ,−ai} .

~Π^{τ Ω}_ȷ =

1 + (−1)^{2j} √ 2(k + 2) sin(^{π(2j+1)}_{k+2} ) k even,

e^{πi(2j+1)}

2(k+2) e −^{πi(2j+1)} 2(k+2) + (−1)2j e πi(2j+1) 2(k+2) √ 2(k + 2) sin(^{π(2j+1)}_{k+2} ) k odd. (6.22)

Let us compare these with the results (4.87) and (4.88) from the RCFT analysis. It is straightforward to check that they completely agree:

Π^{τ Ω}_j = ⟨C_{(−1)}F_{PA} |j⟩_{RR} , ~Π^{τ Ω}_ȷ =_{RR}⟨j|C_{PA} ⟩ .

Open string Witten index. The A-branes of the model are studied in [22], using the deformation to a massive model, and found to be D1-branes at the wedge-shaped broken lines A_{af ,ai} . The broken line A_{af ,ai} is the inward half-line {ϕ ∈ e^{iai} R_{≥0} } joined at the origin to the outward half-line {ϕ ∈ e^{iaf} R_{≥0} } where the angles are distinct, a_i ≠ a_f , and are quantized as a_i, a_f ∈^{2π}_{k+2} Z_{k+2}. See the left figure in figure 8. The Cardy brane B_{j,n,s} with odd s corresponds to the broken line A_{j,n,s} where A_{j,n,s=±1} = A_{a±,a∓} = ±A_{a+,a−} where a_± =^{π(n±2j±1)}_{k+2} . The (untwisted) open string index is computed to be [22] I(A_{jns}, A_j′_n′_s′ ) = #(A^−_{jns} ∩ A^+_{j′n′s′} ) = (−1)^{s−s′2} N^n ′−n 2 j j^′ , (6.23)

where N^{j3}_{j1 j2} is the level k SU(2) fusion coefficients, which are extended outside the standard region 0 ≤ j_3 ≤^k_2 by N^{j3}_{j1 j2} = −N^{−j3−1}_{j1 j2} = N^{j3+(k+2)}_{j1 j2} and N^{− 12}_{j1 j2} = 0. Let us now compare it with the results obtained in the RCFT analysis. We see that the above result agrees with I(B_{jns}, B_j′_n′_s′ ) given in (5.30), if we make a shift (n, s) → (n − 1, s − 1) in the latter. This implies the following identification of the brane and the boundary states A_{jns} ↙ ↘ ⟨B_{j,n−1,s−1}| |B_{j,n,s}⟩. (6.24)

– 72 –

Furthermore, under this correspondence, the overlaps of the boundary states and the RR ground states are exactly identical in the two descriptions [22] (see also appendix F): Π^{Ajns}_j = c_j ∫ A^−_{jns} e^{−iϕk+2} ϕ^{2j} dϕ =_{RR} ⟨B_{j,n−1,(s−1)}|j⟩_{RR} , ~Π^{Ajns}_ȷ = c_j ∫ A^+_{jns} e^{−iϕk+2} ϕ^{2j} ∗ dϕ =_{RR} ⟨j|B_{j,n,(s)}⟩_{RR} .

Let us now look at the parity action on the branes. Since the parity acts on the ϕplane by complex conjugation which inverts the phases, the A-branes are mapped under τ as A_{af ,ai} → A_{−af ,−ai} . (See figure 8.) Since −a_±(j, n) =^{π(−n∓2j∓1)}_{k+2} = a_∓(j, −n), this is equivalent to τ : A_{j,n,s=1} → A_{j,−n,s=−1} . (6.25) This is in agreement with the RCFT result (5.13) under the correspondence (6.24).

Let us next compute the parity-twisted Witten index for the open string stretched from A_{af ,ai} to τA_{af ,ai} . The index is given by the intersection number of the deformed D-brane A^−_{af ,ai} and the deformed orientifold plane L^+. It is easy to see that

I_{τ Ω}(A_{af ,ai} , A_{−af ,−ai} ) = #(A^−_{af ,ai} ∩ L^+) = −1 0 < a_i ≤ π < a_f ≤ 2π 1 0 < a_f ≤ π < a_i ≤ 2π 0 otherwise.

(6.26)

One could reduce the computation to the computation of the brane intersection number by using the relation #(A^− ∩ L^+) = ±#(A^− ∩ τA^+). For A_{jns=1}, the sign here is − for 0 < n ≤ k + 2 and + for k + 2 < n ≤ 2(k + 2). On the other hand, we know the brane intersection number by formula (6.23), #(A^−_{jn1} ∩ τA^+_{jn1}) = #(A^−_{jn1} ∩ A^+_{j,−n,−1}) = N^{n−1}_{j j} in which the extension of N^{j3}_{j1j2} outside 0 ≤ j_3 ≤^k_2 is understood. Thus, we find

I_{τ Ω}(A_{j,n,1}, A_{j,−n,−1}) = N^{n−1}_{j j}^1_2 ≤ n ≤^{k+2}_2 +^1_2 −N^{(k+2)−n} j j k+2 2 +^1_2 ≤ n ≤ (k + 2) −N^{n−(k+2)−1} j j (k + 2) +^1_2 ≤ n ≤^{3(k+2)}_2 +^1_2 N^{2(k+2)−n} j j 3(k+2)

2 +^1_2 ≤ n ≤ 2(k + 2) .

(6.27)

This is in complete agreement with (5.31) under the correspondence (6.24). As in (5.32), this can be concisely written as I_{τ Ω}(A_{j,n,s}, A_{j,−n,s+2}) = (−1)^{s−12} ~N^{n−1}_{j,j} , (6.28) where ~N^{j3}_{j1,j2} = N^{j3}_{j1,j2} in −^1_2 ≤ j_3 ≤^{k+1}_2 and is extended by ~N^{j3}_{j1,j2} = ~N^{−j3−1}_{j1,j2} = − ~N^{j3+(k+2)}_{j1,j2} outside that region. Yet another expression is obtained by noting that the orientifold plane L is equal or close to one of the branes. This leads to

I_{τ Ω}(A_{jns}) = (−1)^{s−12} N

n+[ k−12 ] 2 j,^1_2 [^{k+1}_2 ] . (6.29)

– 73 –

6.4.2 B-orientifolds We next consider B-parities. A B-parity should be of the form τ_B Ω, where τ_B is a holomorphic map such that (τ_B ϕ)^{k+2} = −ϕ^{k+2} plus a possible constant. We find k + 2 of them given by τ^{2m+1}

B : ϕ → e^{πi(2m+1)k+2} ϕ , m = 0, 1, . . . , k + 1 . (6.30)

We also find ~B-parities (−1)^{FR} τ^{2m}_B Ω with

τ^{2m}_B : ϕ → e^{2πimk+2} ϕ , m = 0, 1, . . . , k + 1 . (6.31)

τ^ℓ_B maps the chiral primary fields ϕ^{2j} to e^{2πiℓjk+2} ϕ^{2j} . Comparing with the action of P^ℓ_B which maps |j⟩_{cc} to e^{2πiℓjk+2} |j⟩_{cc}, up to an ℓ-independent phase multiplication, we find that these are related as a^{2m+1}P_B = τ^{2m+1}_B Ω , a^{2m}P_B = (−1)^{FR} τ^{2m}_B Ω , (6.32)

possibly with a uniform shift of m.

For even k, there is no involutive B-parity, and therefore one cannot think about the crosscap states. For odd k there is a unique involutive B-parity, P^{k+2}_B = τ^{k+2}_B Ω. The crosscap state |P^{k+2}_B ⟩ of course consists of RR-sector states. However, it has no overlap with RR ground states, since |P^{k+2}_B ⟩ has to have zero R-charge but, for odd k, there is simply no RR ground states with vanishing R-charge. Thus, no non-trivial computation can be done in the LG realization.^8

In the gauged WZW model, it was a non-trivial task to find anomaly-free B-parity symmetries. For instance, the transform I_BΩ was anomalous since it flips the sign of the fermion path-integral measure in an odd instanton background. In the LG realization, it can readily be found at the level of the classical lagrangian: The analogue of I_BΩ would be τ^0_B Ω and it flips the sign of the fermion mass term W^{′′}(ϕ)ψ_+ψ_−. This reminds us of mirror symmetry where the effect of worldsheet instantons in one theory is classical in the mirror. In fact, in a closely related SL(2, R)/ U(1) gauged WZW model, one can find a mirror transform to a LG model whose superpotential reflects the instanton effects [78]. The present observation suggests that this story may extend also to the SU(2)/ U(1) model. In the next section, we will see among other things that parity anomalies in non-linear sigma models are reflected as the explicit breaking by the superpotential in the mirror LG models.

7. Orientifolds of linear sigma models and mirror symmetry

Linear sigma models provide a way to realize and study non-linear sigma models on a class of target spaces from a global view point, and allow us to find a picture of the moduli space of theories. In this and the next section we study parity symmetries of linear sigma models. We determine the conditions on the parameters for theory to be invariant under A- and B-type parities. The condition agrees in the large volume limit with the one derived from

8This is unlike the result of the study of B-branes, where for even k there is one B-brane with a non-trivial overlap with the RR ground state |^k_4 ⟩ of zero R-charge, which is computable in the LG realization [23].

– 74 – the non-linear sigma model and at the LG orbifold point to the one from the LG model. We also determine the corresponding parity in the mirror Landau-Ginzburg model. In particular, we find that the information on the parity actions on the line bundle L_τ ∗_{B+B} (which we found to be required in section 3.3.4) has a natural counterpart in the mirror LG model as the type of the orientifold planes. The general results are applied in specific examples.

7.1 Parity symmetry of linear sigma models

Let us consider a (2, 2) supersymmetric U(1)^k gauge theory with N matter fields Φ_1, . . . , Φ_N of charge Q^a_i , where i = 1, . . . , N labels the matter fields and a = 1, . . . , k labels the gauge group. The basic lagrangian of the model is given by

L_1 = ∫ d^4θ [_N ∑ i=1 Φ_i e^{Qi·V} Φ_i − k∑ a=1 1 e^2_a

|Σ_a|^2 ] + Re ∫ d^2 ~θ k∑ a=1 (−t^aΣ_a). (7.1)

V_a in Q_i ·V := ∑_k a=1 Q^a_i V_a are the vector superfields, Σ_a := D_+D_−V_a are the fieldstrengths (twisted chiral superfields), and e_a are the gauge coupling constants (with dimension of mass). The measure is d^2 ~θ = dθ^−dθ^+ for the twisted chiral superfields and t^a are the complex combinations of the Fayet-Iliopoulos parameters and theta angles:

t^a = r^a − iθ^a . (7.2)

If one can find a gauge-invariant holomorphic polynomial W (Φ_1, . . . , Φ_N ), one may also consider adding an F-term

L_2 = Re ∫ d^2θ W (Φ_1, . . . , Φ_N ) . (7.3)

With or without this additional term, the FI parameter is renormalized as r^a(μ^′) = r^a(μ)+ ∑_N i=1 b^a_1 log(μ^′/μ), where

b^a_1 := N∑ i=1 Q^a_i . At certain energies lower than the gauge couplings, the system reduces to the non-linear sigma model on the vacuum manifold if r^a is in a suitable region. If the lagrangian is given only by L_1, the vacuum manifold is a toric manifold X determined by the symplectic reduction ∑_N i=1 Q^a_i |ϕ_i|^2 = r^a mod U(1)^k. With the additional term L_2 it is a subspace of X determined by the equation ∂_iW = 0. In either case, it has a second cohomology group of rank k. With respect to an integral basis {ω_a}, the Kähler class is roughly written as ∑_k a=1 r^aω_a and the first Chern class is given by ∑_k a=1 b^a_1ω_a. There are, however, regions of r^a, where the system reduces to Landau-Ginzburg orbifolds or some hybrid of them, rather than a non-linear sigma model.

We are interested in the parity symmetries of this class of gauge systems.

– 75 –

7.1.1 A-parity Let us consider the A-parity transformation

Φ_i −→ Ω^∗_AΦ_i , V_a −→ Ω^∗_AV_a . (7.4)

This is compatible with the gauge symmetry, as can be seen from the action on the components (ϕ(x), v_μ(x)) → (ϕ(~x), −(−1)^μv_μ(~x)), or by looking how the superfield gauge transformation Φ → e^{iΛ}Φ, V → V + i(Λ̄ − Λ) is affected. One can also check that the lagrangian L_1 is invariant: The term ∫ d^4θ Φ e^V Φ is obviously invariant. To see the rest, we note that the field strength transforms as Σ_a −→ −Ω^∗_AΣ_a .

Then, the kinetic term ∫ d^4θ|Σ|^2 is also invariant. The twisted superpotential −tΣ flips sign, but the sign is cancelled since the measure d^2 ~θ is odd under Ω_A. This shows the invariance of L_1. For the potential term L_2 to be invariant, however, the superpotential W has to obey the condition W (Φ_i) = W (Φ_i), that is, the coefficients of the polynomial W all have to be real. If the system describes a non-linear sigma model at certain energies, the map ϕ_i → ϕ_i reduces to an antiholomorphic involution of the target space, and the parity corresponds to the A-parity of the non-linear sigma model associated with it.

In the quantum theory, however, we have to see if the path-integral measure is also invariant. Here we encounter a possible anomaly of the type considered in the minimal model (and the non-linear sigma model), since the topology of any gauge field background is preserved under the parity we are considering, v_a → −Ω^∗v_a. Following the argument of section 4.2.1, we see that the fermion measure changes as follows

D_vΨ −→ (−1)^{b1·c1} D_vΨ , (7.5)

where b_1 · c_1 := ∑_k a=1 b^a_1c_1(V_a) in which V_a is the U(1) bundle of the a-th gauge field. Thus, if some of the b^a_1 are odd, the parity symmetry is anomalous. This corresponds to the anomaly of an A-parity in the non-linear sigma model in the case where the target space is not spin, since b^a_1 provides the first Chern class of the manifold.

One may consider combining (7.4) with an internal action on the fields. Here we describe the case where this action involves a permutation of the Φ_i’s. A permutation Φ_i → Φ_{σ(i)} is compatible with the gauge symmetry if there is a linear transformation V → V^′ such that Q_i · V^′ = Q_{σ(i)} · V . Namely, it should be accompanied by an action on the gauge field V_a → σ^b_a V_b where σ^b_a is a matrix such that k∑ b=1 Q^b_i σ^a_b = Q^a_{σ(i)} . (7.6)

Thus, we consider the combined transformation

Φ_i −→ Ω^∗_AΦ_{σ(i)} , V_a −→ σ^b_aΩ^∗_AV_b . (7.7)

– 76 –

Under this, the lagrangian L_1 is invariant if the FI-theta parameters obey t^bσ^a_b = t^a (mod 2πiZ). In the quantum theory, because of the transformation of the path-integral measure (7.5), the condition for this to be a symmetry is

t^bσ^a_b = t^a + πib^a_1 mod 2πiZ . (7.8)

If this is not satisfied, or if there is no solution to this equation, the parity symmetry is anomalous. If the model has the potential term L_2, there is a further condition that

W (Φ_{σ(i)}) = W (Φ_i) . (7.9)

In the picture of the non-linear sigma model, ϕ_i → ϕ_{σ(i)} corresponds to an antiholomorphic diffeomorphism f of the target space. The symmetry condition (7.8) is nothing but the geometric condition (3.1) in the sigma model, since one can identify c_1(X)^a = b^a_1 and f^b_a = −σ^b_a . The latter holds because the Re Σ_a correspond to the integral basis ω_a of H^2(X), and they are transformed under the parity as

Σ_a −→ −σ^b_a Ω^∗_AΣ_b ,

while f^b_a is defined as ω_a → f^∗ω_a = f^b_a ω_b.

One may consider yet another modification of the parity transformation. It is to combine (7.4) or (7.7) with one of the U(1)^{N−k} torus actions, Φ_i → e^{iθi} Φ_i. This is a symmetry under the same condition on t^a as before but, if there is an L_2 term, under the modified condition on the superpotential W ( e^{iθi} Φ_{σ(i)}) = W (Φ_i).

7.1.2 B-parity Let us next consider the B-parity transformation

Φ_i −→ e^{iθi} Ω^∗_BΦ_i , V_a −→ Ω^∗_BV_a . (7.10)

It acts on the component fields as (ϕ(x), v_μ(x)) → (ϕ(~x), (−1)^μv_μ(~x)) and is compatible with the gauge symmetry. The field strength transforms as

Σ_a −→ Ω^∗_B Σ_a ,

and therefore the action L_1 is invariant under the condition that the t^a are all real. The potential term L_2, if it is present, is always invariant. This parity symmetry is anomalyfree. In the sigma model picture, this corresponds to the B-parity associated with the identity action on the target space.

As before, one may also consider combining this with an internal action on the fields. We discuss the combination with a permutation of the fields

Φ_i −→ e^{iθi} Ω^∗_BΦ_{σ(i)} , V_a −→ σ^b_a Ω^∗_B V_b , (7.11)

– 77 – where we need the relation (7.6) for compatibility with the gauge symmetry. The condition of invariance of L_1 is t^bσ^a_b = t^a mod 2πiZ , (7.12)

and the condition for invariance of L_2 is

W ( e^{iθi} Φ_{σ(i)}) = −W (Φ_i) . (7.13)

The symmetry (7.11) is an exact symmetry of the quantum theory. In the sigma model picture, it corresponds to the B-parity symmetry associated with a holomorphic automorphism f of the target space. The condition (7.12) is nothing but the geometric condition (3.2) since σ^b_a = f^b_a . The latter holds because the real part of the field strength is transformed as Re Σ_a → σ^b_a Ω^∗_B Re Σ_b while f^b_a is defined as the action on the integral basis of H^2, ω_a → f^∗ω_a = f^b_a ω_b.

7.2 Description in the mirror LG model

The model with lagrangian L_1 has a mirror description [34]. It is obtained by dualization of the phase of the charged matter fields, taking into account the effect of the vortex instantons. The dualization of arg(Φ_i) yields a twisted chiral superfield Y_i with periodic identification Y_i ≡ Y_i + 2πi. The twisted superpotential of the dual theory is ~W =^k ∑ a=1 (_N ∑ i=1 Q^a_i Y_i − t^a ) Σ_a + N∑ i=1 e^{−Yi} , where the Y -linear terms originate from the dualization and the exponential terms come from instanton effects. In the non-linear sigma model limit where the gauge coupling is taken to be large, it is appropriate to integrate out the heavy fields Σ_a, and we are left with the theory of fields Y_i obeying the constraints N∑ i=1 Q^a_i Y_i = t^a mod 2πiZ, (7.14)

having the twisted superpotential ~W = N∑ i=1 e^{−Yi} . (7.15)

Namely, the mirror is the LG model on the algebraic torus Y ∼= (C^× )^{N−k} defined by (7.14) with the above superpotential. We study how the A- and B-parities we considered above are described in this mirror theory.

7.2.1 A-parity (B-parity in LG) Let us consider the A-parity (7.7) of the original linear sigma model. Looking at the action on the charged matter fields Φ_i → Ω^∗_AΦ_{σ(i)}, we expect that their dual fields are transformed similarly, Y_i → Ω^∗_AY_{σ(i)}. This would transform the superpotential as ~W →

– 78 –

Ω^∗_A ~W . However, we recall an important condition for unbroken symmetry: since the twisted F-term measure d^2 ~θ flips sign under Ω_A, the twisted superpotential must also flip sign under the transformation. The only way to make the sign of ∑_N i=1 e^{−Yi} flip is to add πi to each field Y_i. Thus, it can be concluded that the dual transformation of the fields, required by the condition that it be a symmetry, is

Y_i −→ Ω^∗_AY_{σ(i)} + πi . (7.16)

In addition, we should make sure that it is compatible with the constraint (7.14). Let us examine this. The left hand side of the constraint ∑_N i=1 Q^a_i Y_i = t^a (mod 2πiZ) is transformed to N∑ i=1 Q^a_i (Ω^∗_AY_{σ(i)} + πi) = N∑ i=1 Q^a_σ−1_{(i)}(Ω^∗_AY_i + πi) = ∑ i,b Q^b_i (σ^{−1})^a_b (Ω^∗_AY_i + πi) = ∑ b (σ^{−1})^a_b (t^b + πib^b_1).

In the last step, we have used the fact that the original fields obey the constraint. Now, inserting the anomaly-free condition (7.8), we infer that (σ^{−1})^a_b (t^b + πib^b_1) = t^a mod 2πiZ. Thus the transformed fields indeed respect the constraint. If the condition (7.8) were broken, the transformation (7.16) would not be consistent with the constraint (7.14), or we would not be able to find a transformation such that ~W → −Ω^∗_A~W . One of the conclusions is that the parity anomaly, which is a non-trivial quantum effect in the original (linear) sigma model, is reflected in the dual theory as the explicit breaking by the potential term.

We recall that one could consider the modification of A-parity using the U(1)^{N−k} torus actions. How does it affect the parity symmetry in the mirror side? As we have discussed, there is no freedom to change the action (7.16) on the dual fields. In fact, the change appears simply in the way it acts on the winding sector. Recall that the LG field Y_i takes values in the algebraic torus Y = (C^× )^{N−k} with non-trivial topology π_1(Y ) = Z^{N−k}, and the momentum in the sigma model on X associated with U(1)^{N−k} symmetry is dual to the winding number of Y in the mirror LG model.

A transformation of this type has been used in [79] in the application of mirror symmetry to compute the space-time superpotential in type-II orientifolds on non-compact Calabi-Yau threefolds. We now consider some examples where the parity anomaly and its cancellation play important roles.

7.2.2 Examples and applications Example 1. Let us consider the case X = C P^n whose mirror is the LG model of n periodic variables Y_1, . . . , Y_n with superpotential

~W = e^{−Y}1 + · · · + e^{−Y}n + e^{−t+Y}1^{+···+Y}n ,

where t corresponds to the complexified Kähler class of C P^n. Consider the involution ~τ : Y_i → Y_i + πi .

– 79 –

If n is odd, it flips the sign of the superpotential ~W → −~W and hence is a symmetry of the system. If n is even, it fails to flip the superpotential — the first n terms of ~W do flip but the last term does not. Thus, ~τΩ is not a symmetry of the system. Note that the above holomorphic involution ~τ corresponds to the antiholomorphic involution τ : Φ_i → Φ_i in the original C P^n sigma model. The above trouble for even n corresponds to the anomaly of this A-parity. Moreover one can show that there is no way of transforming the fields Y_i so that ~W → −~W . This corresponds to the A-parity anomaly on non-spin manifolds with b^2(X) = 1.

Example 2. Let us next consider the case X = C P^n × C P^n whose mirror is the direct sum ~W = n∑ i=1 e^{−Y (1)i} + e^{−t1+Y (1)1 +···+Y (1)n} + n∑ i=1 e^{−Y (2)i} + e^{−t2+Y (2)1 +···+Y (2)n} .

Here t_1 and t_2 correspond to the complexified Kähler class of the first and the second C P^n. Consider the involution

~τ : (Y^{(1)}_i , Y^{(2)}_i ) → (Y^{(2)}_i + πi, Y^{(1)}_i + πi) .

Suppose t_1 = t_2. Then, as in example 1, ~τ flips the sign of the superpotential if and only if n is odd. The failure in the cases where n is odd is again caused by the anomaly of the A-parity associated with τ : (z_1, z_2) → (z_2, z_1) in C P^n × C P^n. However, in this case, one can enforce a sign flip of the superpotential under the parity action by taking t_1 = t_2 + πi. This corresponds to the cancellation of the anomaly by a B-field, which we have seen in section 3.2.

Application: mirror pair of D-branes. In section 3.5, we have seen that one can associate a D-brane to a parity symmetry, as long as the parity has a fixed point. One can use this to find the mirror pairs of D-branes. Let us consider the parity symmetry in example 2. The fixed-point set is

Y^{~τ} = { Y^{(1)}_i = Y^{(2)}_i + πi } ∼= (C^× )^n .

In the original sigma model on X = C P^n × C P^n, the fixed-point set is the ‘skew-diagonal’

X^τ = {z_1 = z_2} ∼= C P^n .

Thus, we see that the A-brane wrapped on X^τ is mirror to the B-brane wrapped on Y^{~τ} .^9 To be precise, this is true only when the parity τΩ (or equivalently ~τΩ) is a symmetry of the theory. For example let us consider the case with t_1 = t_2 and n even. We know that τΩ is anomalous and the D-brane wrapped on X^τ is expected to suffer from some pathology. This is in fact evident on the mirror side: The superpotential ~W is not constant on the fixed-point set Y^{~τ} (that is, Y^{~τ} does not lie in one of the level sets of ~W ), which means that

9Mirror symmetry between skew diagonal C P^n and {Y^{(1)}_i = Y^{(2)}_i + πi} was first reported to KH by C. Vafa. At that time (October, 2000) the reason for the necessity of a B-field difference for the even n case (discussed below) was not clear to them.

– 80 –

Y^{~τ} violates the condition of N = 2_B supersymmetry. On the other hand, for odd n (with t_1 = t_2), Y^{~τ} lies in the level set

~W |_{Y (1)i =Y (2)i +πi} = 0

and is indeed a good B-brane. For n even, Y^{~τ} can be placed in the level set ~W = 0 by taking t_1 = t_2 + πi. Thus, X^τ becomes a consistent A-brane by adding a B-field of period π in one of the C P^n’s of X = C P^n × C P^n. This cannot be seen directly in the sigma model without a detailed analysis of the subtleties of the moduli space of holomorphic discs [61]. In the mirror description, this is evident at the classical level.

We note that D-branes of the above type are oriented, namely, they can have non-trivial overlaps with the RR ground states. This is because the brane Y^{~τ} in the LG description is middle-dimensional [23].

7.2.3 B-parity (A-parity in LG) Let us next consider the B-parity (7.11) of the linear sigma model. The action on the charged matter fields Φ_i → Ω^∗_BΦ_{σ(i)} indicates that it transforms the dual fields as

Y_i −→ Ω^∗_BY_{σ(i)} . (7.17)

This is consistent with the constraint (7.14) if the t^a obey the reality condition (7.12), t^bσ^a_b = t^a mod 2πiZ. This is indeed a symmetry of the dual system since the superpotential is transformed as ~W → Ω^∗_B ~W .

We recall that one could modify the B-parity using the U(1)^{N−k} torus actions. As in the case of A-parities, the modification will change the way the parity acts on the winding sector in the mirror theory and induce the mixture of the (SO vs. Sp) types of orientifold planes. This is a generalization of the phenomenon that the orientifold of S^1 by a halfperiod shift is T-dual to the orientifold of the dual circle ~S^1 by an inversion, with two opposite types of orientifold points [80, 81, 32].

Let us examine this in more detail, in the case where the parity is associated with the simple complex conjugation Y_i → Y_i, which is a symmetry of the system if the t^a are all real, θ^a = 0 ∀a. The fixed points of this action are Y_i = Y_i mod 2πiZ, namely Y_i ∈ R + πip_i , where p_i are integers obeying ∑_N i=1 Q^a_i p_i = 0 mod 2Z. The set of points with Y_i ∈ R + πip_i is a middle-dimensional plane R^{N−k} and will be denoted as L_{p1...pN} . There are 2^{N−k} such planes. The fixed-point set Y^{~τ} is the union of these 2^{N−k} L_p’s. The type of the orientifold plane L_p (whether it is SO or Sp ) depends on the original parity symmetry on the sigma model side. Let us first consider the basic parity of SO-type associated with the identity Φ_i → Φ_i of X. Its mirror should be such that all 2^{N−k} orientifold planes are of SO type. Then, they have the same orientations so that the total homology class is

Y^{~id} = ∑ p L_{p1...pN} . (7.18)

– 81 –

Here the orientation of all L_p’s are related by translations by πip_i. Let us next consider the parity of SO-type associated with an involution of X of the form τ_r : Φ_i → (−1)^{ri} Φ_i. This action corresponds on the mirror side to the multiplication by (−1)^{w1r1+···+wN rN} in the sector with winding number (w_1, . . . , w_N ) (where w_i are integers obeying ∑_N i=1 Q^a_i w_i = 0 mod 2Z). For such a parity action, the type of the orientifold plane L_{p1...pN} is still SO-type if (−1)^{p1r1+···+pN rN} = 1, but is flipped to Sp-type if (−1)^{p1r1+···+pN rN} = −1. Thus the total homology class of the orientifold plane is Y^{~τr} = ∑ p (−1)^{p1r1+···+pN rN} L_{p1...pN} . (7.19)

Note that the involution τ_r is gauge-equivalent to the involution τ_{r+Q·λ}, with λ_a ∈ Z. However, thanks to the condition ∑_N i=1 Q^a_i p_i = 0 mod 2, the gauge equivalent replacement r → r + Q · λ does not alter the type (−1)^{p1r1+···+pN rN} of the orientifold plane L_{p1...pN} .

Actually, the parity associated with Y_i → Y_i is a symmetry as long as t^a = t^a mod 2πiZ. The theta angle (or B-field) θ^a only has to be in πZ and does not have to vanish. The above story can be applied also to the case with non-zero θ^a. An important difference appears however in the constraint on p_i — the p_i must still be integers but obey a different constraint_N ∑ i=1 Q^a_i p_i = − θ^a π mod 2Z .

This causes an apparent trouble. Under the gauge equivalent replacement r_i → r_i + Q^a_i λ_a (λ_a ∈ Z), the type (−1)^{p1r1+···+pN rN} of the orientifold plane L_{p1...pN} changes by a factor e^{iθaλa} . However, rather than being a trouble, it is consistent with the observation we made in the study of parity symmetry in non-linear sigma models with non-zero B-field. The observation was: In addition to the geometric action τ : X → X, we have to specify the parity action on the line bundle L_τ ∗_{B+B} with first Chern class (τ^∗B + B)/2π. In the present case, τ^∗B = B and the bundle is L_{2B} with first Chern class B/π. We propose that different choices of r_i within a fixed gauge equivalence class correspond to different choices of the parity action on L_{2B} if they are different in the numbers (−1)^{p1r1+···+pN rN} . In fact, the field Φ_i may be regarded as a section of a line bundle L_i = ⊗_aL^{Qai}_a where ω_a = c_1(L_a) are basis elements of H^2(X, Z) ∼= Z^{⊕k}. The bundle L_{2B} has first Chern class c_1(L_{2B} ) = ∑_k a=1 ω_aθ_a/π. Let us choose p_i (from the same mod 2 integer class) so that ∑_N i=1 Q^a_i p_i = −θ^a/π holds exactly (i.e. not just mod 2). Then we find ⨂ i,a L^{−Qai pi} a = ⨂ a L^{θa/π}_a^{c1}−→ k∑ a=1 ω_a θ^a π = B π .

Namely, ⊗_iL^{−pi}_i ∼= L_{2B} . Thus, ∏ i Φ^{−pi}_i can be regarded as the section of the bundle L_{2B} .

The (r_i), which determine the numbers (−1)^{p1r1+···+pN rN} , thus specify the parity action of

– 82 – the bundle L_{2B} . In other words, the information of the pair (τ_r : X → X, τ_r : L_{2B} → L_{2B} ) is mapped under mirror symmetry to the information of the type of the orientifold planes L_{p1...pN} . We illustrate these rules in the example of X = C P^1.

7.2.4 Example: B-parities of C P^1 and their mirrors For X = C P^1 there are two possible geometric actions of the above type. One is the identity, and the other is the rotation by π along the U(1)-fibre, R : Φ_1/Φ_2 → −Φ_1/Φ_2. Also, there are two possible values of the theta angle θ = 0 and θ = π. The mirror is the sine-Gordon model with superpotential

W = e^{−Y} + e^{−t+Y} .

The parity action on the dual field is the complex conjugation Y → Y which is a symmetry if θ = 0, π. The fixed-point set consists of L_0 = {Y ∈ R} and L_1 = {Y ∈ R + πi}. They are respectively L_{00} and L_{11} if θ = 0 or L_{01} and L_{10} if θ = π, in the notation of the above general discussion. We compute the parity-twisted Witten index in both sigma model and LG model and compare the results.

We recall that the cohomology of X = C P^1 is generated by 1 ∈ H^0(C P^1) and H ∈ H^2(C P^1) with ∫ C P^1 H = 1. We discuss the cases of θ = 0 and θ = π separately.

θ = 0 Let us first consider the basic parity Ω (τ = id). This maps the bundle O(n) to O(−n). The fixed-point set is C P^1 itself and hence the normal bundle is zero. The characteristic classes relevant to the computation of the index are L(C P^1) = 0 and td(C P^1) = 1 + H = e^H . We then find

I_Ω = 0 , (7.20) I_Ω(O(n), O(−n)) = ∫ C P^1 e^{−2nH} e^H = 1 − 2n . (7.21)

Let us next consider the parity RΩ associated with the π-rotation. This also maps O(n) to O(−n). The fixed-point set consists of two points, say, the north pole N and south pole S. The normal bundle is real two dimensional (complex one-dimensional) and hence e(N(N)) = e(N(S)) = 0 and ch(∧N_N) = ch(∧N_S) = 2. This yields

I_{RΩ} = 0 , (7.22) I_{RΩ}(O(n), O(−n)) = S∑ p=N ∫ p e^{−2nH} 1 2 = 1 2 + 1 2 = 1 . (7.23)

According to the above discussion, the orientifold planes on the mirror side are

Y^{~id} = L_0 + L_1 , (7.24) Y^{~R} = L_0 − L_1 . (7.25)

– 83 –

Figure 9: Orientifold planes (L_0 and L_1) and the mirror of the D0-brane (γ_0). Their images under the superpotential W are also depicted.

We also know that the mirror of O(0) is the same as L_0 and the mirror of O(n) is topologically γ_{O(n)} = L_0 + nγ_0 , (7.26) where γ_0 (the mirror of the 0-brane) is a circle that winds once around the Y -cylinder (See figure 9). Under the parity action Y → Y , it is mapped to L_0 − nγ_0 which is indeed the mirror of O(−n). The Witten index is obtained by taking the intersection numbers. We recall that the intersection of C_1 and C_2 is defined as #(C^−_1 ∩ C^+_2 ) where C^±_i is obtained from C_i by moving the asymptotes toward the region B_±. It is visible in figure 9 that #(L^−_0 ∩ L^+_0 ) = 1 ; #(L^−_1 ∩ L^+_1 ) = −1 ; #(L^−_i ∩ L^+_j ) = 0 if i ≠ j ; #(γ^−_0 ∩ L_i) = −1 .

(7.27)

Using these, we find I_{~Ω} = #((Y^{~id})^− ∩ (Y^{~id})^+) = 1 − 1 = 0 , (7.28) I_{~Ω}(γ_{O(n)}, γ_{O(−n)}) = #(γ^−_{O(n)} ∩ (Y^{~id})^+) = 1 + n(−1) + n(−1) = 1 − 2n , (7.29) which reproduces (7.20), (7.21), and I_{~RΩ} = #((Y^{~R})^− ∩ (Y^{~R})^+) = 1 − 1 = 0 , (7.30) I_{~RΩ}(γ_{O(n)}, γ_{O(−n)}) = #(γ^−_{O(n)} ∩ (Y^{~R})^+) = 1 + n(−1) − n(−1) = 1 . (7.31) which reproduces (7.22), (7.23).

– 84 – θ = π We now consider the case with a non-zero theta angle θ = π. This corresponds to turning on the B-field B = πH. For all holomorphic involutions τ, the twist bundle L_τ ∗_{B+B} has first Chern class B/π = H and hence it is O(1). Thus, the parity transforms the bundles as τΩ : O(n) −→ O(n) ⊗ L_τ ∗_{B+B} = O(1 − n) . (7.32) The parities to be considered are τ_{r1,r2} that acts on the sections Φ_1 and Φ_2 of L_τ ∗_{B+B} = O(1) as (Φ_1, Φ_2) → ((−1)^{r1} Φ_1, (−1)^{r2} Φ_2). τ_{00} and τ_{11} project to the identity map of C P^1 while τ_{10} and τ_{01} project to the π-rotation R : C P^1 → C P^1. The sign function at the fixed-point set is ε^{τ00}_B = 1 , ε^{τ11}_B = −1 , on C P^1

ε^{τ10}_B = { 1 at N −1 at S ε^{τ01}_B = { −1 at N 1 at S where we assumed that N and S are loci of Φ_1 = 0 and Φ_2 = 0 respectively. It is straightforward to compute the index.

I_{τ00 Ω} = 0 , (7.33) I_{τ00 Ω}(O(n), O(1 − n)) = ∫ C P^1 e^{−2nH} ε^{τ00}_B e^H e^H = 2 − 2n . (7.34)

For τ_{11}Ω the opposite sign occurs. Also, I_{τ10Ω} = 0 , (7.35)

I_{τ10Ω}(O(n), O(1 − n)) = S∑ p=N ε^{τ10}_B (p) 2 = 1 2 − 1 2 = 0 . (7.36)

For τ_{01}Ω the sign is opposite and hence the same. By the general discussion, the orientifold planes in the mirror are Y^{~τ00} = L_0 + L_1 , (7.37) Y^{~τ10} = L_0 − L_1 , (7.38) and Y^{~τ11} = −L_0 −L_1 and Y^{~τ01} = −L_0 +L_1. The mirror of O(0) and O(1) are the wavefront trajectories originating in the two critical points Y = r/2 − πi/2 and Y = r/2 + πi/2 respectively. They are depicted as γ_a and γ_b in figure 10 They are homologically related as γ_b = γ_a + γ_0. The mirror of the other bundles are homologically γ_{O(n)} = γ_a + nγ_0 . (7.39) Under the parity action Y → Y , γ_a and γ_b = γ_a + γ_0 are exchanged while γ_0 is reversed. Thus γ_{O(n)} = γ_a + nγ_0 is mapped to γ_b − nγ_0 = γ_a + (1 − n)γ_0 which is indeed the mirror of O(1 − n). To compute the intersection numbers, we note the following #(L^−_i ∩ L^+_j ) = 0 ∀i , ∀j ;

#(γ^−_a ∩ L^+_i ) = 1 i = 0, 1 ; #(γ^−_0 ∩ L_i) = −1 .

– 85 –

Figure 10: Orientifold planes (L_0 and L_1) and the mirror of O(0) (γ_a) and or O(1) (γ_b). Notice that the location of B_+ and B_− have changed from the previous case θ = 0.

Using these, we find I_{~τ00Ω} = #((Y^{~τ00} )^− ∩ (Y^{~τ00} )^+) = 0 , (7.40) I_{~τ00Ω}(γ_{O(n)}, γ_{O(1−n)}) = #(γ^−_{O(n)} ∩ (Y^{~τ00} )^+) = 1 + 1 + n(−1) + n(−1) = 2 − 2n , (7.41) which reproduces (7.33), (7.34), and I_{~τ10Ω} = #((Y^{~τ10} )^− ∩ (Y^{~τ10} )^+) = 0 , (7.42) I_{~τ10 Ω}(γ_{O(n)}, γ_{O(1−n)}) = #(γ^−_{O(n)} ∩ (Y^{~τ10} )^+) = 1 − 1 + n(−1) − n(−1) = 0 , (7.43) which reproduces (7.35), (7.36).

8. Orientifolds of compact Calabi-Yau: a first step In this section, we initiate the discussion of orientifolds of compact Calabi-Yau manifolds, which are of vital phenomenological relevance. This is a first step and full detail must be clarified in future works. However, the considerations using linear sigma models and mirror symmetry already provide a basic global picture and directions to proceed. 8.1 LSM for compact CY and parity symmetry Let us consider the U(1) gauge theory with matter fields P,Φ_1, . . . , Φ_N of charge −N,1, . . . ,1 having the term L_2 with gauge invariant superpotential W = P G(Φ_1, . . . , Φ_N ) ,

– 86 – where G(Φ_i) is a polynomial of degree N. In this system, the FI parameter r does not run and is a parameter of the theory. At large positive r, the model corresponds to the non-linear sigma model on the degree N hypersurface of C P^{N−1} defined by the equation G(z_1, . . . , z_N ) = 0 for the homogeneous coordinates z_i, which is a Calabi-Yau manifold of dimension (N − 2). At large negative r, p acquires a fixed value ⟨p⟩ and the model corresponds to a LG orbifold — the LG model with superpotential W = ⟨p⟩G(Φ_1, . . . , Φ_N ) modded out by the Z_N action generated by Φ_i → e^{2πi}N Φ_i. The worldsheet theory is singular exactly at one point t = t_∗ := N log(−N) = N log N + πiN . (8.1)

The moduli space of the complexified Kähler class t has three notable points — the largevolume limit (r = +∞), the conifold point (t = t_∗), and the LG orbifold point or equivalently the Gepner point (r = −∞). The moduli space is connected and the theory is singular only at the conifold point. The moduli space of complex structure is a complex space of complex dimension (_{2N−1} N−1 ) − N^2 + δ_{N,4}.

The model has a mirror description, which is the non-linear sigma model on the degree N-hypersurface in C P^{N−1}

~G(~z_i) := ~z^N_1 + · · · + ~z^N + e^{t/N} ~z_1 · · · ~z_N = 0 ,

modded out by the orbifold group (Z_N)^{N−2} acting as ~z_i → ω_i~z_i, where ω^N_i = ω_1 · · · ω_N = 1. At the singular point t = t_∗, the mirror manifold has a conifold singularity at ~z_i = 1. It has one complex structure modulus e^t and (_{2N−1} N−1 ) − N^2 + δ_{N,4} Kähler moduli coming from the Kähler class of C P^{N−1} and the resolutions of the orbifold singularities. The mirror may also be described as the LG orbifold with superpotential ~W = ~G(~Φ_i) and orbifold group (Z_N )^{N−1}: ~Φ_i → ω_i ~Φ_i. This mirror can be found by using the dualization arg(Φ_i) → Y_i followed by the change of variables e^{−Yi} ∼ ~Φ^N_i [34].

Let us study the parity symmetries of this system. We will consider A-parity and B-parity separately.

8.1.1 A-parity (B-parity of mirror) The transformation

P → Ω^∗_AP , Φ_i → Ω^∗_AΦ_{σ(i)} , V → Ω^∗_AV (8.2)

yields an A-parity that is an exact symmetry of the system if G(z_i) is a polynomial obeying G(z_{σ(i)}) = G(z_i). Note that there is no anomaly since the sum of the charges is zero −N + 1 + · · · + 1 = 0 (and hence even), or equivalently, since M is Calabi-Yau (and hence spin). There is no condition on the complexified Kähler modulus, but the complex structure moduli are reduced by the constraint G(z_{σ(i)}) = G(z_i). The reduction is by one-half if σ is an involution.

Following the duality transformation and change of variables, we find that the corresponding parity in the mirror side (in the LG description) is of the form

~Φ_i −→ e^{πi/N} Ω^∗_A ~Φ_{σ(i)} , (8.3)

– 87 – where the phase is chosen uniquely by the requirement that the superpotential be flipped ~W → −Ω∗_A~W . In the geometric description of the mirror, the parity is simply the one associated with the holomorphic map ~z_i → ~z_{σ(i)} of the mirror CY manifold.

If the defining polynomial obeys G( e^{iθi} z_{σ(i)}) = e^{−iθP} G(z_i), then we have a parity symmetry given by (8.2), combined with the torus action P → e^{iθP} P , Φ_i → e^{iθi} Φ_i. In this case, the parity action on the mirror LG fields is still given by (8.3), but a difference appears in the action on the twisted sector states. In the geometric picture, this will change the type of orientifold planes, just as in [79].

8.1.2 B-parity (A-parity of the mirror)

The transformation

P → −Ω^∗_BP , Φ_i → Ω^∗_BΦ_{σ(i)} , V → Ω^∗_BV (8.4)

yields a B-parity. It is an exact symmetry of the system if the defining polynomial is invariant under the permutation G(z_{σ(i)}) = G(z_i) and also if the FI-theta parameter t obeys t = t mod 2πiZ, namely

Im t = 0 or πi . (8.5)

Thus, there is a holomorphic constraint on the complex structure moduli, and the complexified Kähler modulus is reduced by a half — one real dimension. The reduced moduli space Im t ∈ πiZ passes directly through the singular point t_∗ = N log N + πiN. Thus, the real moduli space of the worldsheet theory is separated at t = t_∗. It has two parts — one includes the large-volume limit with trivial B-field and the other includes the large volume limit with a B-field of period π. The LG orbifold point (Gepner point) belongs to one of them and is separated from the other. Note that the analytic continuation in the t-space to go around the singular point t = t_∗ [33, 82] is not applicable here since the orientifold forbids us to continuously change the θ angle. Figure 11 depicts the restriction of the Kähler moduli by the B-parity in the case of N = 5, the quintic hypersurface in C P^4 which will be discussed in some detail below (together with the A-parities).^{10}

8.2 The case of the quintic

Let us consider the case N = 5, quintic hypersurfaces M in C P^4. We classify the involutive parity symmetries that are present in the Fermat-type hypersurfaces:

z^5_1 + z^5_2 + z^5_3 + z^5_4 + z^5 = 0 .

Without orientifold, there is one complexified Kähler modulus parametrized by a function of t, and 101 complex structure moduli. The latter is the number of monomials

(_9 4 ) = 126

10We thank M. Douglas for pointing out an error in the identification of the value of the B-field at the two large volume regions. The relation of the B-field and the theta angle is shifted by Nπ when the P -field is integrated [83].

– 88 –

Figure 11: Kähler moduli space for a B-orientifold of the quintic.

minus the dimension 5^5 = 25 of the group GL(5, C ) of coordinate transformations. The mirror is the resolution of the orbifold of

~z^5_1 + ~z^5_2 + ~z^5_3 + ~z^5_4 + ~z^5 + e^{t/5} ~z_1 ~z_2 ~z_3 ~z_4~z_5 = 0 .

by the Z^3_5 action ~z_i → ω_i~z_i, ω^5_i = ω_1ω_2ω_3ω_4ω_5 = 1, ω_i ≡ ωω_i [84]. Without orientifold, there are 101 complexified Kähler moduli and one complex structure modulus e^t. 101 comes from the 1 + 100 harmonic two-forms where the extra 100 is counted at the orbifold point as follows. Note that there are ten Z_5 ×Z_5 invariant points (points of the form (0, 0, 0, 1, −1)). At each point there are 6 localized blow-up modes of a C^3 /Z_5 × Z_5 singularity. For some pairs of Z_5 × Z_5 invariant points, there is a curve of C^2 /Z_5 singularity, which carry 4 blowup modes. There are ten such pairs. Thus, in total, there are 10 × 6 + 10 × 4 = 100 blow-up modes.

8.2.1 A-parities

We start with the A-parities. In all cases, the 101 complex structure moduli are reduced to one half (101 real ones), but the Kähler moduli space remains the same.

The simplest A-parity is associated with the complex conjugation τ_A : z_i → z_i. (This example was also studied in [85].) The fixed-point set is the real quintic which is a (3- dimensional) submanifold of the quintic defined by z_i ∈ R. To find its topology, let us consider the map M → C P^3 obtained by forgetting the last coordinate z_5. It maps the real quintic M^{τA} homeomorphically onto the real locus of C P^3, namely RP^3. This is because any real number has a unique real 5-th root, x_5 =^5 √ −x^2_1 − x^2 − x^2_3 − x^2_4, and ‘taking the 5-th root’ defines a continuous map R → R. Thus, the real quintic has the topology of a real projective space RP^3. On the mirror side, this maps to the B-parity associated with the identity ~τ_B : ~z_i → ~z_i, whose fixed-point set is the mirror quintic itself (6-dimensional). One may consider a modification of τ_A of the form z_i → e^{iθi} z_i, which is a symmetry if e^{5iθi} is independent of i. But this is simply the complex conjugation with respect to the coordinate z^′_i = e^{−iθi/2}z_i. Thus, there is no essential difference. This will be the same for the rest of the cases as well, and hence will not be mentioned.

– 89 –

Next, we consider the A-parity associated with

τ^{12}_A : (z_1, z_2, z_3, z_4, z_5) → (z_2, z_1, z_3, z_4, z_5) .

The τ^{12}_A -fixed-point set is the (3-dimensional) submanifold defined by z_2 = z_1, z_i ∈ R (i = 3, 4, 5). Using the z_5-forgetting map M → C P^3, we find that it has the topology of RP^3. This corresponds to the B-parity of the mirror associated with the holomorphic involution ~τ^{12}_B : (~z_1, ~z_2, ~z_3, ~z_4, ~z_5) → (~z_2, ~z_1, ~z_3, ~z_4, ~z_5) .

The fixed-point set is a point {(1, −1, 0, 0, 0)} (0-dimensional) and a complex hypersurface {(z, z, z_3, z_4, z_5))} (4-dimensional).

The final A-parity is the one associated with

τ^{12,34}_A : (z_1, z_2, z_3, z_4, z_5) → (z_2, z_1, z_4, z_3, z_5) .

The fixed-point set is the (3-dimensional) submanifold defined by z_2 = z_1, z_4 = z_3, z_5 ∈ R. Using the z_5-forgetting map M → C P^3, we again find that it has a topology of RP^3. This corresponds to the B-parity of the mirror associated with

~τ^{12,34}_B : (~z_1, ~z_2, ~z_3, ~z_4, ~z_5) → (~z_2, ~z_1, ~z_4, ~z_3, ~z_5) .

The fixed-point set is a line {(~z, −~z, ~w, − ~w, 0)} and a curve {(~z, ~z, ~w, ~w, ~u)} (both 2- dimensional).

8.2.2 B-parities We now consider B-parities. In all the cases, the complexified Kähler modulus (complex) is reduced to a real one, Im t ∈ πiZ. The reduction of the complex structure moduli is holomorphic and depends on the particular case.

The basic B-parity is associated with the identity τ_B : z_i → z_i. The fixed-point set is the quintic itself (6-dimensional). All the complex 101 complex structure moduli survive. In the mirror description, this corresponds to the A-parity associated with the complex conjugation ~τ_A : ~z_i → ~z_i. The fixed-point set is the real locus ~z_i ∈ R (3-dimensional). One may consider modifying τ_B by a phase multiplication. For z_i → e^{iθi} z_i to be a symmetry, e^{5iθi} must be i independent, and for this to be an involution, e^{2iθi} must be i-independent. This requires e^{iθi} = e^{5iθ}/( e^{2iθi} )^2 to be i-independent. Namely, e^{iθi} are all the same and the transformation is a part of the U(1) gauge symmetry. The ‘modification’ had no effect. (It turns out that this is the same for the rest of the cases, and hence will not be mentioned.)

Next, we consider the B-parity associated with τ^{12}_B : (z_1, z_2, z_3, z_4, z_5) → (z_2, z_1, z_3, z_4, z_5). Let us count the number of complex structure moduli. The polynomial G(z_i) must be invariant under the exchange of z_1 and z_2. Monomials that are invariant under z_1 ↔ z_2 are of the form (z_1z_2)^az^b_3z^c_4z^d_5 and there are 34 of them. From the rest, 126 − 34 = 92, a half (46 of them) is invariant. Thus, invariant polynomials can have 46 + 34 = 80 terms. Coordinate transformations commuting with the exchange z_1 ↔ z_2 form a subgroup of GL(5, C ) of dimension 17. Thus, the number of complex structure moduli is 80 − 17 =

– 90 –

63. The fixed-point set is the point {(1, −1, 0, 0, 0)} (0-dimensional) and the hypersurface {(z, z, z_3, z_4, z_5)} (4-dimensional). The mirror description of this parity is associated with ~τ^{12}_A : (~z_1, ~z_2, ~z_3, ~z_4, ~z_5) → (~z_2, ~z_1, ~z_3, ~z_4, ~z_5). The complexified Kähler moduli correspond to ~τ^{12}_A -anti-invariant harmonic (1, 1) forms, by the condition (3.1). Let us count the number at the orbifold point. We recall that the 101 consists of 1 ‘bulk’ modulus, 10 × 4 moduli of the resolution of C^2 /Z_5 sigularity along ten curves, and 10 × 6 moduli of the isolated resolution of ten C^3 /Z_5 × Z_5 singularity. Since ~τ = ~τ^{12}_A is antiholomorphic, 1 from the bulk remains (subtotal 1). Out of the ten Z_5 curves, six of them (three pairs) are exchanged by ~τ while four of them are ~τ-invariant. Out of 6 × 4 from the three pairs, a half of them are ~τ-anti-invariant (12). ~τ acts non-trivially on three of the four invariant curves, and all of the 3×4 remain (12). ~τ acts identically on the last invariant curve {(0, 0, ∗, ∗, ∗)} exchanging the four exceptional curves (two pairs) of the C^2 /Z_5 resolution, leaving half of 4 (2). Among the ten Z_5 × Z_5 points, six of them (three pairs) are exchanged by ~τ while four of them are τ-invariant. Out of the 6 × 6 from the three pairs, a half of them are τ-anti-invariant (18). ~τ acts near three of the four invariant points as (z_1, z_2, z_3) → (z_2, z_1, z_3) in C^3 /Z_5 × Z_5. One can show by an orbifold analysis that there are 4 anti-invariant modulus at each such singularity, thus total of 3 × 4 (12). Near the last invariant point (1, −1, 0, 0, 0), ~τ acts as (z_1, z_2, z_3) → (z_1, z_2, z_3) in C^3 /Z_5 × Z_5, and all moduli remain (6). The total number of moduli is 1 + 12 + 12 + 2 + 18 + 12 + 6 = 63, in agreement with the number of complex moduli of the original side. The fixed-point set is the (3-dimensional) submanifold defined by ~z_2 = ~z_1 and ~z_i ∈ R (i = 3, 4, 5).

The final B-parity is associated with τ^{12,34}_B : (z_1, z_2, z_3, z_4, z_5) → (z_2, z_1, z_4, z_3, z_5). Let us count the number of complex structure moduli. Monomials that are invariant under z_1 ↔ z_2, z_3 ↔ z_4 are of the form (z_1z_2)^a(z_3z_4)^bz^c_5 and there are 6 of them. Thus, the invariant polynomials can have^{126−6}_2 + 6 = 66 terms. The group of coordinate transformation has dimension 13. Thus, the number of complex structure moduli is 66 − 13 = 53. The fixed-point set is the line {(z, −z, w, −w, 0)} and the genus 6 curve {(z, z, w, w, u)} (both 2-dimensional). On the mirror side, the parity is the one associated with ~τ^{12,34}_A : (~z_1, ~z_2, ~z_3, ~z_4, ~z_5) → (~z_2, ~z_1, ~z_4, ~z_3, ~z_5). The complexified Kähler moduli correspond to ~τ^{12,34}_A -anti-invariant harmonic (1, 1) forms. Counting as in the case of ~τ^{12}_A - anti-invariants, the number of moduli is 1 + 16 + 4 + 24 + 8 = 53, again in agreement with the original side. The fixed-point set is the (3-dimensional) submanifold defined by ~z_2 = ~z_1, ~z_4 = ~z_3, and ~z_i ∈ R (i = 3, 4, 5).

8.2.3 Summary and remarks

The results are summarized in table 1. The left column and the right column are mirror of each other. The number (n, m) in each column means that there are n complexified Kähler moduli and m complex structure moduli. The subscript_R or_C shows that the moduli is real or complex. We have in mind to embed these orientifolds in type-II superstring theory on CY^3 × R^{3+1} in which the parity acts trivially on the 3 + 1 dimensional Minkowskicoordinates. Thus, the fixed-point sets of dimension p are called orientifold (p + 3)-planes, or simply O(p + 3).

– 91 – quintic M mirror quintic ~M (1_C , 101_C ) (101_C , 1_C ) τ_A : z_i → z_i ~τ_B : ~z_i → ~z_i (1_C , 101_R) (101_R, 1_C ) O6 at the real quintic (RP^3) O9 at ~M τ^{12}_A : (z_1, z_2, z_3, z_4, z_5) → (z_2, z_1, z_3, z_4, z_5) ~τ^{12}_B : (~z_1, ~z_2, ~z_3, ~z_4, ~z_5) → (~z_2, ~z_1, ~z_3, ~z_4, ~z_5) (1_C , 101_R) (101_R, 1_C ) O6 at RP^3 = {(z, z, x_3, x_4, x_5)|x_i ∈ R} O3 at {(1, −1, 0, 0, 0)} O7 at {(~z, ~z, ~z_3, ~z_4, ~z_5)} τ^{12,34}_A : (z_1, z_2, z_3, z_4, z_5) → (z_2, z_1, z_4, z_3, z_5) ~τ^{12,34}_B : (~z_1, ~z_2, ~z_3, ~z_4, ~z_5) → (~z_2, ~z_1, ~z_4, ~z_3, ~z_5) (1_C , 101_R) (101_R, 1_C ) O6 at RP^3 = {(z, z, w, w, x)|x ∈ R} O5 at {(~z, −~z, ~w, − ~w, 0)} O5 at {(~z, ~z, ~w, ~w, ~u)} τ_B : z_i → z_i ~τ_A : ~z_i → ~z_i (1_R, 101_C ) (101_C , 1_R) O9 at M O6 at real quintic τ^{12}_B : (z_1, z_2, z_3, z_4, z_5) → (z_2, z_1, z_3, z_4, z_5) ~τ^{12}_A : (~z_1, ~z_2, ~z_3, ~z_4, ~z_5) → (~z_2, ~z_1, ~z_3, ~z_4, ~z_5) (1_R, 63_C ) (63_C , 1_R) O3 at {(1, −1, 0, 0, 0)} O6 at {(~z, ~z, ~x_3, ~x_4, ~x_5)|~x_i ∈ R} O7 at {(z, z, z_3, z_4, z_5)} τ^{12,34}_B : (z_1, z_2, z_3, z_4, z_5) → (z_2, z_1, z_4, z_3, z_5) ~τ^{12,34}_A : (~z_1, ~z_2, ~z_3, ~z_4, ~z_5) → (~z_2, ~z_1, ~z_4, ~z_3, ~z_5) (1_R, 53_C ) (53_C , 1_R) O5 at {(z, −z, w, −w, 0)} (line) O6 at {(~z, ~z, ~w, ~w, ~x)|~x ∈ R} O5 at {(z, z, w, w, z_5 )} (genus 6)

Table 1: Orientifolds of quintic and their mirrors.

We have not determined the types of the orientifold planes. In the large volume limit, each orientifold plane can be of several types — roughly two types, SO or Sp. We have not determined which combinations of the types are possible and how they are related by mirror symmetry. This will be determined, for example, by going to the Gepner point at which an exact construction of the crosscap states is now available as an application of the construction in section 4 (see [47, 48] for existing results on type-I strings on Calabi-Yaus). Also, for a consistent compactification in string theory, we need to cancel the tadpole generated by the O-planes by, say, including D-branes. This too can be done once we know the types of the orientifold planes. This will be carried out in a future publication.

8.3 Spacetime picture

So far, we have been studying the theory on the string worldsheet with a focus on the parity symmetries that commute with halves of the (2, 2) worldsheet supersymmetry. In the full string theory, more emphasis is put on the spacetime physics, especially when we consider type-II orientifolds of the form M^6 × R^{3+1} /τ, where τ is an involution of M^6 and acts trivially on the Minkowski coordinates. There are several important issues, one

– 92 – of which is tadpole cancellation mentioned above. Here we comment on three others — supersymmetry, massless fields, and superpotential (all in the sense of the 3+1 dimensional spacetime). In what follows, M is a general simply connected Calabi-Yau 3-fold with an involution τ. We note that the number of moduli of complexified Kähler class and complex structures of M (before orientifolding) are

dim_C H^{1,1}(M) =: h^{1,1} , dim_C H^1(M, T_M ) = dim_C H^{2,1}(M) =: h^{2,1} .

It is useful to bear in mind the example of the quintic and the six involutions in table 1.

8.3.1 Spacetime supersymmetry We have seen that τΩ preserves an N = 2 worldsheet supersymmetry if τ : M → M is an antiholomorphic involution (A-parity) a holomorphic involution (B-parity). However, not all of them preserve a spacetime supersymmetry, that is, N = 1 supersymmetry in 3 + 1 dimensions. There is no extra condition on B-parities, but the orientifold by an A-parity preserves a spacetime supersymmetry only if τ maps the holomorphic three-form Ω to its complex conjugate with a possible constant phase, τ^∗Ω = e^{iθ}Ω. For the quintic, all the three A-parities in fact satisfy this constraint. Let us consider the Fermat type quintic. Using the inhomogeneous coordinates at the z_5 ≠ 0 patch, ζ_i = z_i/z_5 obeying ∑_4

i=1(ζ_i)^5 + 1 = 0, the holomorphic three-form is expressed as Ω = dζ_1 ∧ dζ_2 ∧ dζ_3/(ζ_4)^4 = −dζ_1 ∧ dζ_2 ∧ dζ_4/(ζ_3)^4. Then it is easy to see that

τ^∗_AΩ = Ω , τ^{12∗}_A Ω = −Ω , τ^{12,34 ∗}_A Ω = Ω .

For the corresponding mirror involutions, we find ~τ^∗_B ~Ω = ~Ω , ~τ^{12∗}_B ~Ω = − ~Ω , ~τ^{12,34∗}_B ~Ω = ~Ω . Note that the signs on the right hand sides have an invariant meaning for B-parities. It is +1 for orientifolds with O9/O5-planes and it is −1 for those with O7/O3-planes [79].

8.3.2 Light fields Moduli of the worldsheet theory give rise to massless scalar fields in the 3 + 1 dimensional spacetime. We have seen that the moduli compatible with parity symmetry can be real — orientifolds by a B-parity (resp. A-parity) reduce the complexified Kähler moduli (resp. complex structure moduli) by a real constraint. For example, see figure 11, which depicts the Kähler moduli constrained by a real condition. Thus, they give rise to real massless scalar fields in 3 + 1 dimensions. However, in the full string theory, these real fields are paired with real fields from RR gauge potentials, and they form complex fields, or chiral superfields together with their fermionic superpartners.

To see the detail, let us recall how the NSNS and RR fields transform under the parity symmetry. The NSNS fields, dilaton-gravity-B-field (ϕ, g, B), are always transformed as ϕ → τ^∗ϕ , g → τ^∗g , B → −τ^∗B .

– 93 – hypermultiplets vector multiplets IIA h^{2,1} + 1 h^{1,1} IIB h^{1,1} + 1 h^{2,1}

Table 2: Massless fields in N = 2 compactifications.

Transformation of the RR fields depends on the type of the involution. Let τ = I_p be the inversion of (9 − p)-coordinates.^{11} Type-IIB RR fields are transformed by the parity as

p = 9, 5, 1 :

A_0 → −τ^∗A_0 A_2 → τ^∗A_2 A^+_4 → −τ^∗A^+_4 , p = 7, 3 :

A_0 → τ^∗A_0 A_2 → −τ^∗A_2 A^+_4 → τ^∗A^+_4 ,

and for type-IIA,

p = 8, 4, 0 : { A_1 → τ^∗A_1 A_3 → −τ^∗A_3, p = 6, 2 : { A_1 → −τ^∗A_1 A_3 → τ^∗A_3 .

It is also useful to recall the massless spectrum before orientifolding where the spacetime theory has N = 2 supersymmetry, given in table 2 (see for example [86]). In type-IIA, there are h^{1,1} vector multiplets from the complexified Kähler moduli and A_3 reduced on H^{1,1}(M), h^{2,1} hypermultiplets from the complex structure moduli and A_3 reduced on H^{2,1}(M) ⊕ H^{1,2}(M), and one hypermultiplet from (ϕ, B) and A_3 reduced on H^{3,0}(M) ⊕ H^{0,3}(M), and a gravity multiplet from (g, A_1). In type-IIB, there are h^{2,1} vector multiplets from the complex structure moduli and A^+_4 reduced on H^{2,1}(M) ⊕ H^{1,2}(M), h^{1,1} hypermultiplets from the complexified Kähler moduli and (A_2, A^+_4 ) reduced on (H^{1,1}(M), H^{2,2}(M)), one hypermultiplet from (ϕ, B) and (A_0, A_2), and a gravity multiplet from g and A^+_4 reduced on H^{3,0}(M) ⊕ H^{0,3}(M). In terms of the N = 1 supersymmetry, an N = 2 vector multiplet splits into a vector and a chiral multiplets while a hypermultiplet splits into two chiral multiplets. We would like to see which of them survive and which of them are projected out by the orientifolds.

The involution τ induces an involution on the space of Harmonic forms by η → τ^∗η. We denote by H^•_+ and H^•_− the subspaces of H^•(M) consisting of τ^∗-invariant and τ^∗-antiinvariant forms. We also use H^{p,q}_± when applicable, and denote its dimension by h^{p,q}_± .

Type-IIA orientifolds. Let us first consider type-IIA orientifold associated with an antiholomorphic involution τ (such that τ^∗Ω = const × Ω). Since τ flips 3 real coordinates of M, it is of the type p = 6, and therefore the RR fields are transformed as A_1 → −τ^∗A_1 and A_3 → τ^∗A_3. The moduli space of complex structure is reduced to a half by the orientifold and thus has real dimension h^{2,1}. The moduli space of complexified the Kähler class is reduced by the constraint (3.1). The reduced moduli space has complex dimension h^{1,1}_− , the dimension of the space H^{1,1}_− of τ-anti-invariant harmonic (1, 1)-forms.

11As is well-known, in type-II superstring theory, the involutive parity symmetry giving rise to the BPS Op-plane is of the form IpΩ for p = 9, 8, 5, 4, 1, 0 and (−1)^{^FL} IpΩ for p = 8, 7, 6, 3, 2 where (−1)^{^FL} is −1 on the left-moving Ramond sector. p is even for type IIA and odd for type IIB.

– 94 –

The surviving fields out of the h^{1,1} (N = 2) vector multiplets are h^{1,1}_− (N = 1) chiral multiplets from the complexified Kähler moduli and h^{1,1}_+ (N = 1) vector multiplets from A_3 reduced on τ-invariant harmonic 2-forms. Let us next see which of the h^{2,1} hypermultiplet fields survives. We find h^{2,1} real scalars from the complex structure moduli. We also find h^{2,1} real scalars from A_3 reduced on the τ^∗ = 1 subspace of H^{2,1}(M) ⊕ H^{1,2}(M). Note that τ, being antiholomorphic, exchanges H^{p,q}(M) and H^{q,p}(M) and hence τ^∗ = 1 (or τ^∗ = −1) on half of H^{p,q}(M) ⊕ H^{q,p}(M) if p ≠ q. They combine into complex scalars in h^{2,1} chiral multiplets. From the hypermultiplet including the dilaton, we find one chiral multiplet whose lowest component consists of the dilaton and A_3 reduced on the τ^∗ = 1 subspace of H^{3,0}(M) ⊕ H^{0,3}(M). The N = 2 gravity multiplet is projected to a N = 1 gravity multiplet.

Type-IIB orientifolds with O9 or O5-planes. Let us next consider type-IIB orientifold associated with a holomorphic involution τ of the type p = 9 or p = 5 (such as τ_B and τ^{12,34}_B in the quintic case). The RR fields are transformed as A_0 → −τ^∗A_0, A_2 → τ^∗A_2, A^+_4 → −τ^∗A^+_4 . The holomorphic 3-form Ω is preserved by τ, τ^∗Ω = Ω. The moduli space of the complexified Kähler class is reduced to a half and has real dimension h^{1,1}. The complex structure deformations are generated by the τ = 1 subspace of H^1(M, T_M ). Since the isomorphism H^1(M, T_M ) ∼= H^{2,1}(M) is given by contraction with Ω and since Ω is τ^∗-invariant, we see that the deformation space is isomorphic to H^{2,1}_+ . Thus, the complex structure moduli are reduced to h^{2,1}_+ .

Out of the h^{2,1} N = 2 vector multiplet, we find h^{2,1}_+ chiral multiplets from the complex structure moduli and h^{2,1}_− vector multiplets from A^+_4 reduced on H^{2,1}_− ⊕ H^{1,2}_− . Let us next see which of the h^{1,1} hypermultiplet fields are unprojected. First, we find h^{1,1} real scalars from the reduced Kähler moduli. We also find real scalars from A_2 reduced on τ-invariant harmonic 2-forms and from A^+_4 reduced on τ-anti-invariant harmonic 4-forms. Since τ preserves the orientation and the metric of M, τ^∗ commutes with the Hodge ∗-operator which in particular sends H^{1,1}(M) to H^{2,2}(M). We thus find H^{1,1}_+ is isomorphic to H^{2,2}_+ by the ∗-operation. This means that dim ( H^{1,1}_+ ⊕ H^{2,2}_− ) = dim ( H^{1,1}_− ⊕ H^{2,2}_+ ) = h^{1,1} .

Thus, the RR potentials A_2 and A^+_4 reduce to h^{1,1} real scalars. They combine with the real massless scalars from the Kähler moduli and form h^{1,1} chiral multiplet fields. Next, the single hypermultiplet including the dilaton is projected to a single chiral multiplet consisting of the dilaton and the dual of A_2, plus fermions. Finally, the N = 2 gravity multiplet projects to an N = 1 gravity multiplet (A^+_4 reduced on H^{3,0}(M) ⊕ H^{0,3}(M) is projected out since A^+_4 → −τ^∗A^+_4 and τ^∗Ω = Ω).

Type-IIB orientifolds with O7 and/or O3-planes. Finally, let us consider type-IIB orientifolds associated with a holomorphic involution τ of the type p = 7 and/or p = 3 (such as τ^{12}_B in the quintic case). The RR fields are transformed as A_0 → τ^∗A_0, A_2 → −τ^∗A_2, A^+_4 → τ^∗A^+_4 , and τ^∗ flips the sign of the holomorphic 3-form Ω. The moduli space of Kähler class has real dimension h^{1,1}. The complex structure deformation are generated by

– 95 – chiral multiplets vector multiplets IIAO(6) h^{1,1}_− + h^{2,1} + 1 h^{1,1}_+ IIBO(9,5) h^{2,1}_+ + h^{1,1} + 1 h^{2,1}_− IIBO(7,3) h^{2,1}_− + h^{1,1} + 1 h^{2,1}_+

Table 3: Light fields from closed strings.

chiral multiplets vector multiplets IIAO by τ_A, τ^{12}_A , τ^{12,34}_A 103 0 IIBO by τ_B 103 0 IIBO by τ^{12}_B 65 38 IIBO by τ^{12,34}_B 55 48

Table 4: The number for the six orientifolds of the quintic.

the τ = 1 subspace of H^1(M, T_M ), as in the previous case but that is isomorphic to H^{2,1}_− in this case since τ^∗Ω = −Ω. Thus, there are h^{2,1}_− complex structure moduli.

The counting of unprojected fields proceeds as before. We find h^{2,1}_− chiral multiplets (complex structure moduli), h^{2,1}_+ vector multiplets (A^+_4 reduced on H^{2,1}_+ ⊕ H^{1,2}_+ ), h^{1,1} chiral multiplets (real Kähler moduli plus real fields from (A_2, A^+_4 ) reduced on (H^{1,1}_− , H^{2,2}_+ )), one chiral multiplet (ϕ, A_0), and a gravity multiplet (A^+_4 reduced on H^{3,0}(M) ⊕ H^{0,3}(M) is projected out since A^+_4 → τ^∗A^+_4 and τ^∗Ω = −Ω).

To summarize, we list in table 3 the number of light N = 1 supermultiplets. Table 4 shows the numbers for the six orientifolds of the quintic. In general, D-branes should also be included in the setup for tadpole cancellation. Thus, there are other fields than in table 3, associated with open string modes. Some of them correspond to the location of the D-branes and others are Yang-Mills gauge fields and charged matter fields on the branes or brane intersections.

8.3.3 Spacetime superpotential An important part of the low energy effective theory is the superpotential. It is a holomorphic function of the fields from the above ‘light’ chiral multiplets as well as other chiral multiplet fields such as those associated with D-branes. We must first compute the superpotential, find the minima of the potential, and expand around a chosen vacuum. Only after that one can discuss the actual mass spectrum.

Certain origins of the superpotential terms are known (see e.g. [79]). For type-IIA orientifolds, superpotential can be generated by holomorphic disks ending on A-branes [87, 88, 89, 90] as well as “holomorphic RP^2’s” — holomorphic maps of C P^1 to X which are equivariant with respect to the anti-podal map of C P^1 and the involution τ of X. For type-IIB orientifolds, we have the so called flux superpotential W = ∫ X Ω ∧ G where G is a linear combination of RR and NSNS 3-form field strengths with dilaton-axion as the coefficients [91]. (The flux superpotential is computed or applied in the context of

– 96 –

(mostly toroidal) orientifolds in [92, 93]. The geometry underlying N = 1 superpotential is discussed in [94].) For D5-branes wrapped on 2-cycles, the superpotential for the 3-form flux generated by D5 is equivalent [79, 89] to the holomorphic Chern-Simons action for the open topological B-model [95, 96], which in turn is equivalent [87] to the superpotential associated with the obstruction to the deformation of holomorphic curves [20, 44].

One may wonder whether the deformation theory of the orientifold itself is obstructed as well. Namely, whether the deformation of a Calabi-Yau with holomorphic involution is obstructed. We claim that it is not. This can be shown as follows.^{12} Let us fix the underlying differentiable manifold M. A ‘Calabi-Yau with holomorphic involution’ is just a pair (J, τ) where J is a complex structure of M whose canonical bundle is holomorphically trivial and τ is an involutive diffeomorphism of M that commutes with J. We are interested in the deformation space of the pair (J, τ), especially whether it is smooth or not. (We identify pairs that are related by diffeomorphisms.) First, we note that there is no deformation of τ itself — any involution close to τ is diffeomorphic to τ itself. Thus one can fix τ and consider deformations only of J commuting with τ. Let us for now forget about τ and consider the full space of deformations of the Calabi-Yau. This deformation theory is not obstructed. Namely, the Teichmüller space (the space of Calabi-Yau J divided by the group of diffeomorphisms homotopic to the identity) is smooth. On the Teichmüller space there is a Z_2 action generated by [J] → [τ_∗Jτ^{−1}_∗ ]. The τ-invariant J’s we are interested in are nothing but the fixed points of this action. Since the fixed-point locus of a Z_2 action on a smooth manifold is always smooth, our deformation space is smooth. This proves that the deformation theory is not obstructed.

This does not mean, however, that there is no superpotential of purely orientifold origin. For example if there are two O5-planes C_+ and C_− of opposite RR charges, we do have a flux superpotential which is ∫ Y Ω where Y is a three dimensional submanifold of M bounded by C_+ − C_−, as occured in the example studied in [79].

Acknowledgments

We would like to thank B. Acharya, M. Aganagic, S. Akbulut, C.-H. Cho, K. Hosomichi, M. Kapranov, W. Lerche, J. Maldacena, Y.-G. Oh, K. Ono, E. Poppitz, C. Vafa for useful discussions and/or collaboration on related works. K.H. thanks R. Myers for a motivating conversation at Montréal, May 2000. I.B. and K.H. thank KITP, Santa Barbara, K.H. thanks Rutgers University, Aspen Center for Physics and University of Wisconsin, where parts of this project are carried out, for their kind hospitality. K.H. was supported in part by NSF-DMS 9709694, NSF-DMS 0074329 and NSF PHY 0070928.

A. Index Tr(−1)^F P in non-linear sigma models

Let (X, g) be a riemannian manifold of real dimension n. We consider the supersymmetric

12We thank M. Kapranov for this argument and Y.-G. Oh for his help.

– 97 – non-linear sigma model in 1+1 dimensions whose classical action on Minkowski space reads L = 1 2 g_{IJ} (∂_0ϕ^I ∂_0ϕ^J − ∂_1ϕ^I ∂_1ϕ^J ) + i 2 g_{IJ} ψ^I_−(D_0 + D_1)ψ^J_− + i 2 g_{IJ} ψ^I_+(D_0 − D_1)ψ^J_+ − − 1 4 R_{IJKL}ψ^I_+ψ^J_−ψ^K_+ ψ^L_− . Supersymmetry is generated by δϕ^I = iϵ_+ψ^I_− + iϵ_−ψ^I_+, δψ^I_± = −ϵ_∓(∂_0 ± ∂_1)ϕ^I . Let τ : X → X be an isometric involution. The classical action is invariant under the parity symmetry τΩ ϕ^I (x) → τ^I (ϕ(~x)) , ψ^I_±(x) → τ^I_{∗J} ψ^J_∓(~x) , where ~x = (x^0, −x^1) for x = (x^0, x^1), and we assume that it is anomaly-free. We shall compute the twisted supersymmetric index Tr(−1)^F τΩ for both closed and open strings.

The basic strategy is to represent the index as the partition function on a flat surface and localize the path-integral on the fixed point of the supersymmetry. For example, the ordinary Witten index Tr(−1)^F on the RR sector is path-integral on the 2-torus with periodic boundary condition in both directions. The boundary condition is fully supersymmetric and the fixed points are the constant maps. In a constant background, the action consists only of the four-fermi terms. The 1-loop integral on non-constant modes is 1 as a consequence of boson-fermion cancellation, and we are left with the zero mode integral, with the exp(four-fermi terms) as the weight. This leads to integration over X of the pfaffian of the riemannian curvature. The latter is the Euler class of the tangent bundle T (X) of X, and hence

Tr_{HRR} (−1)^F = ∫ X e(T (X)) = χ(X) . (A.1)

This method was introduced in [54, 55].

Now we compute the twisted index Tr(−1)^F τΩ on the RR-sector (closed string). It is represented as the path-integral on the Klein bottle (x_1, x_2) ≡ (x_1 +L_1, x_2) ≡ (−x_1, x_2 +L_2) with the periodic boundary condition along x_1, but with the twisted boundary condition along x_2:

ϕ^I (x_1, x_2) = τ^I (ϕ(−x_1, x_2 + L_2)) , (A.2) ψ^I_±(x_1, x_2) = τ^I_{∗J} ψ^J_∓(−x_1, x_2 + L_2) . (A.3)

This periodicity preserves the diagonal part of the (1, 1) supersymmetry and one can still use the localization method. The fixed points of the supersymmetry are constant maps into the set X^τ of τ-fixed points. We first note that the integral of modes that are not constant along x_1 yields 1 due to boson-fermion cancellation. Thus, we can focus on modes that depend only on x_2. This computation has been done beautifully in [53]. Here is the outline. We first separate the coordinates into tangent directions ϕ^μ to X^τ and normal directions ϕ^i. Let n_1 be the real dimension of X^τ , so that μ = 1, . . . , n_1 and i = 1, . . . , n − n_1.

– 98 –

By (A.2), ϕ^μ is periodic and ϕ^i is antiperiodic along x_2. By (A.3), the periodicity of the fermions are

ψ^μ_+ + ψ^μ_− : periodic ψ^μ_+ − ψ^μ_− : anti-periodic ψ^i_+ + ψ^i_− : anti-periodic ψ^i_+ − ψ^i_− : periodic .

We also note that R_{IJKL}ψ^I_+ψ^J_−ψ^K_+ ψ^L_− is proportional to R_{IJKL}(ψ_+ +ψ_−)^I (ψ_+ +ψ_−)^J (ψ_+ − ψ_−)^K (ψ_+ −ψ_−)^L. It follows that the zero mode action is the curvature of the normal bundle to X^τ . The one-loop integral of the non-zero modes yields

ϕ^μ : det^{− 12}_P (∂^2 + iR_T ∂) = (2πβ)^{− n12} ∏ λ_T λ_T β/2 sinh(λ_T β/2)

ψ^μ_+ + ψ^μ_− : Pf_P (i∂) = 1 ψ^μ_+ − ψ^μ_− : Pf_A(i∂ + R_T ) = ∏ λ_T 2 cosh(λ_T β/2)

ϕ^i : det^{− 12}_A (∂^2 + iR_N ∂) = ∏ λ_N 1 4 cosh(λ_N β/2)

ψ^i_+ + ψ^i_− : Pf_A(i∂) = ∏ λ_N 2

ψ^i_+ − ψ^i_− : Pf_P (i∂ + R_N ) = ∏ λ_N sinh(λ_N β/2) λ_N β/2 Here ∂ is the derivative with respect to x_2. R_T is the curvature of the tangent bundle of X^τ and (iλ_T , −iλ_T ) are its eigenvalues, and similarly for the curvature of the normal bundle R_N . (Here we assume that both n and n_1 are even, for simplicity.) β is the circumference L_2 in the x_2 direction, on which the final expression should not depend. In this notation, the zero mode action contributes by a factor ∏ λ_N λ_N β .

Collecting all together, the zero mode integral is ∫ X^τ (πβ)^{− n12} ∏ λ_T λ_T β/2 tanh(λ_T β/2) ∏ λ_N tanh(λ_N β/2) λ_N β/2 ∏ λ_N λ_N β/2 .

This indeed does not depend on β because n_1 = dim X^τ and λ_T , λ_N are 2-forms. Setting β = 1/π, we find the following index formula

Tr_{HRR} (−1)^F τΩ = ∫ X^τ L(T (X^τ )) L(N(X^τ )) e(N(X^τ )) , (A.4)

L(V ) is the Hirzebruch L-genus defined by ∏ λ_V (λV /2π)/ tanh(λV /2π).

– 99 –

We next consider the twisted index for an open string. The string has one end on a Dbrane wrapped on W ⊂ X and supporting a complex vector bundle E, and the other end on the image brane (τW, τE). The boundary condition preserves the same supersymmetry as τΩ preserves, and one can consider twisted Witten index Tr(−1)^F τΩ. This is represented as the path-integral on the Möbius strip (x_1, x_2) = (L_1 − x_1, x_2 + L_2), 0 ≤ x_1 ≤ L_1, with the boundary condition at one end

∂_2ϕ^I (0, x_2), (ψ^I_+ + ψ^I_−)(0, x_2) : tangent to W , (A.5) ∂_1ϕ^I (0, x_2), (ψ^I_+ − ψ^I_−)(0, x_2) : normal to W , (A.6)

and similar condition at the other end (L_1, x_2). The coupling to the gauge field A for the bundle E is through the Chan-Paton factor

tr_E P exp { −i ∫ x_1=0 ( −^tA_M ∂_2ϕ^M − i^tF_{MN} (ψ_+ + ψ_−)^M (ψ_+ + ψ_−)^N ) dx_2 } , (A.7)

(similarly at x_1 = L_1) but not through the change in the boundary condition. In the above formula, M, N are coordinate indices on the brane W . Also, we have E with the dual gauge field −^tA because the left boundary of the string worldsheet is oriented toward negative time direction. Periodicity along x_2 is the same as (A.2)–(A.3) except that −x_1 is replaced by L_1 − x_1. Because of supersymmetry, path-integral localizes on the fixed points, which are constant maps to the intersection of the brane and the orientifold plane, W ∩X^τ . By the deformation invariance of the index, we deform W continuously so that W and X^τ intersects normally. This means that τ sends W to itself in a neighborhood of X^τ . One can then choose the coordinates (x^a, x^μ, x^α, x^i) where (x^a, x^μ) are coordinates on W and the involution acts as τ : (x^a, x^μ, x^α, x^i) → (−x^a, x^μ, x^α, −x^i) so that (x^μ, x^α) are coordinates on X^τ . We name the dimensions of the respective directions as a = 1, . . . , n_1 ; μ = 1, . . . , n_2 ; α = 1, . . . , n_3 ; i = 1, . . . , n_4 .

For simplicity we assume that all four dimensions are even. Since τW is the same as W in a neighborhood of X^τ , the boundary conditions are the same on the two end points of the string. In the intersection W ∩ X^τ , τE can be topologically identified with the complex conjugate of E. Thus, the Chan-Paton factor at x_1 = L_1 is the same as (A.7). We can thus ignore the x_1 dependence of the fields — the integral of x_1-dependent modes will give 1 by boson-fermion cancellation. The boundary condition (A.5)–(A.6) then forces the constraints ψ^a_+ = ψ^a_− =: ψ^a, ψ^μ_+ = ψ^μ_− =: ψ^μ, ϕ^α = 0, ψ^α_+ = −ψ^α_− =: ψ^α, ϕ^i = 0, ψ^i_+ = −ψ^i_− =: ψ^i. By (A.2) and (A.3), the remaining fields obey the following periodicity

ϕ^a : anti-periodic ψ^a : anti-periodic ϕ^μ : periodic

– 100 – ψ^μ : periodic ψ^α : anti-periodic ψ^i : periodic .

The one-loop integral of the non-zero modes yields

ϕ^a : det^{− 12}_A (∂^2 + iR_1∂) = ∏ λ_1 1 4 cosh(λ_1β/2)

ψ^a : Pf_A(i∂) = ∏ λ_1 2

ϕ^μ : det^{− 12}_P (∂^2 + iR_2∂) = (2πβ)^{− n22} ∏ λ_2 λ_2β/2 sinh(λ_2β/2)

ψ^μ : Pf_P (i∂) = 1 ψ^α : Pf_A(i∂ + R_3) = ∏ λ_3

2 cosh(λ_3β/2)

ψ^i : Pf_P (i∂ + R_4) = ∏ λ_4

sinh(λ_4β/2) λ_4β/2 The zero mode bulk action yields the factor ∏ λ_4 λ_4β, and the boundary action provides tr_E e^{2β tF} , where the exponent has the factor 2β rather than β because the circumference of the closed boundary circle is twice as large as β = L_2. Collecting all together, we find the following expression for the zero mode integral ∫ W ∩X^τ tr_E e^{2β tF} 2^{− n12 + n32} (2πβ)^{− n22} × × ∏ λ_1 1 cosh(^{λ1β}_2 ) ∏ λ_2 λ_2β 2 sinh(^{λ2β}_2 ) ∏ λ_3

cosh ( λ_3β 2 ) ∏ λ_4

sinh(^{λ4β}_2 )

λ_4β 2 ∏ λ_4 λ_4β . This is indeed independent of the value of β on dimensional ground, n_2 = dim W ∩ X^τ . At this stage, we use the elementary relations

sinh(^x_2 ) x 2 = √ sinh(x) x tanh(^x_2 ) x 2 , cosh ( x 2 ) = √ sinh(x) x x 2 tanh(^x_2 ) . to re-express the integral as

2^{− n12 + n32} (2πβ)^{− n22} ∫ W ∩X^τ tr_E e^{2β tF} ∏ λ_1

λ_1β sinh(λ_1β) tanh(^{λ1β}_2 )

λ_1β 2 ∏ λ_2

λ_2β sinh(λ_2β)

λ_2β 2 tanh(^{λ2β}_2 ) ×

× ∏ λ_3

sinh(λ_3β) λ_3β

λ_3β 2 tanh(^{λ3β}_2 ) ∏ λ_4

sinh(λ_4β) λ_4β tanh(^{λ4β}_2 )

λ_4β 2 ∏ λ_4

λ_4β

– 101 –

Setting β = 1/4π we find that the index is expressed as

Tr_{H(W,E),(τ W,τ E)} (−1)^F τΩ = (A.8)

= 2^{− n12 + n32 + n22 − n42} ∫ W ∩X^τ ch(E) √ ^A(T (W )) ^A(N(W )) √ L(^1_4 T (X^τ )) L(^1_4 N(X^τ )) e(N(W ) ∩ N(X^τ )) . Here ^A(V ) is the A-roof genus ∏ λ_V (λV /4π)/ sinh(λV /4π) and L( 1 4 V ) is the modified Lgenus ∏ λ_V (λV /8π)/ tanh(λV /8π). We note here that the power of 2 in the formula is − n_1 2 + n_3 2 + n_2 2 − n_4 2 = n_2 + n_3 − n_1 + n_2 + n_3 + n_4 2 = dim_R X^τ − 1 2 dim_R X . (A.9)

It way happen that τ has fixed-point submanifolds of various dimensions. It is clear form the above derivation that, in such a case, the index is the sum over components of intersection where the summand is the above in each component of intersection.

One may consider the application of the result to superstring theory. In particular, one can read off from the index the WZ coupling of the D-branes and O-planes to the bulk RR fields [97]–[104]. The index in a special case has been computed in such a context [105].

The case W = X. In the case W = X, the formula (A.8) with a modification Â(X) → td(X) simplifies considerably. It is straightforward to see that ∫ X^τ 2^{dimr Xτ − 12 dimrX} ch(E) √ td(X)

L(^1_4 T (X^τ )) L(^1_4 N(X^τ )) = ∫ X^τ ch(E) ∏ λ_t λ_t 2π 1 − e^{− λt}4π ∏ λ_n 1 1 + e^{− λn}4π . In the integrand, only the term of the same degree as dim X^τ contribute. This allows us to replace it by ∫ X^τ ch(2E) ∏ λ_t λ_t 2π 1 − e^{− λt}2π ∏ λ_n 1 1 + e^{− λn}2π . which is nothing but ∫ X^τ ch(2E) td(X^τ ) 1 ch(∧N_Xτ ) . B. Computation of the weights in the coset construction

In this appendix, we compute the weights of all fields of the minimal model SU(2)_k × U(1)_2/ U(1)_{k+2} exactly, in particular not only modulo integers. From this we can then infer exact expressions for √ T . As is standard in the coset construction, one starts by embedding the denominator theory U(1)_{k+2} into the numerator SU(2)_k × U(1)_2. This is achieved by the identification

J^H (z) = J^3(z) − J^{(2)}(z) , (B.1)

which is the same as in (4.10). As before, J^3(z) is the current associated with the Cartansubalgebra of su(2) and J^H and J^{(2)} =^1_2 J^f are the level k + 2 and 2 U(1) currents. Note however that here we are talking about the model after GSO projection.

– 102 –

The Hilbert space of the numerator theory can then be decomposed in the following way H_j ⊗ H_s = ⨁ n∈Z_{2k+4},2j+n+s even H_{(j,n,s)} ⊗ H_{−n} , (B.2) where H_j, H_s, H_{j,n,s} and H_{−n} denote representation spaces of the SU(2)_k, U(1)_2, the GSO projected minimal model and U(1)_{k+2} respectively. Compared to the discussion of the unprojected theory, V̂^{G,k}_j = H_j , but the Hilbert spaces for the two U(1)’s are different.

To determine the weights of the primary fields of the coset theory, one has to understand in detail how the ground states |j, n, s⟩ ⊗ |−n⟩ of H_{j,n,s} ⊗ H_{−n} are realized within the representation space H_j ⊗ H_s.

To find these ground states we fix j, s and choose n such that 2j +n+s is even. Within the subspace

H^{(n)}_{js} = (H_j ⊗ H_s)^{(n)} := { ψ ∈ H_j ⊗ H_s | e^{2πi2k+4 J H0} ψ = e^{2πin2k+4} ψ } (B.3)

we then search for eigenstates ψ^{(n)}_{js} of L^{SU(2)k}_0 + L^{U(1)2}_0 with minimal eigenvalue.

Some of these states are easily identified. These are the states which are realized in terms of ground states of the numerator theory, ψ^{(n)}_{j s} = |j, n, s⟩ ⊗ | − n⟩ = |j , ν = −n + s⟩ ⊗ |s⟩ (B.4) where n is restricted by |n − s| ≤ 2j. In this way we have realized all fields from the so-called standard range of N = 2 minimal models, 2j ≤ k , |n − s| ≤ 2j , 2j + n + s even (B.5) n ∈ {−k − 1, . . . , k + 2} , s ∈ {−1, 0, 1, 2} (B.6) For these fields, the following formula for their conformal weights holds exactly (not just up to an integer), h_{(j,n,s)} = j(j + 1) k + 2 − n^2 4(k + 2) + s^2 8 . (B.7)

But the 2j + 1 states we have found do not exhaust the ground states of the denominator theory. Additional states can be constructed with the help of (J^+)^μ_{−1}|j, 2j⟩ , (J^−)^μ_{−1}|j, −2j⟩ ∈ H_j for μ = 1, 2, . . . , where J^+(z) and J^−(z) are the raising and lowering operators of the su(2) algebra. These states carry the charge ν = 2j + 2μ or ν = −2j − 2μ, respectively. When combined with appropriate states from H_s (not necessarily the ground state) they furnish all the ground states for the denominator theory of the coset.

There is a second class of fields whose weight is easy to write down, namely those which can be reflected to the standard range by field identification. More precisely, these are primaries labelled (j, n, s), for which (k/2 − j, n ^+(k + 2), s ^+2) is in the standard range. The notation ^+ denotes the addition modulo 2k + 4 for the label n and modulo 4 for the

– 103 – label s, in such a way that the result of the addition is in the range −k −1, . . . , k +2 for the labels n and −1, 0, 1, 2 for s. The hatted sum can be rewritten as n ^+(k+2) = n−^n_{|n|} (k+2), where we made use of the choice that n itself is in the range −k − 1, . . . , k + 2. We can now apply the standard range formula for the weights to the reflected field, with the result that h_{(j,n,s)} = j(j + 1) k + 2 − n^2 4(k + 2) + s^2 8 + |n| − |s| − 2j 2 for ( k 2 − j, n ^+(k + 2), s ^+2 ) ∈ S.R. (B.8) There is a list of primaries which cannot be reflected to the standard range, namely (j, −2j, 2), (j, 2j + 2, 0), (j, 2j + 1, −1) and (j, −2j − 1, 1). The primaries (j, −2j, 2) with j ≥ 1 have a coset realization with minimal weight as |j, 2j − 2⟩⊗|−2⟩ ∈ H_j ⊗H_s. Note that the U(1)_2-label is not in the standard domain for s. We can then use the expression (B.7) for the weight and obtain h_{(j,−2j,2)} = j (k + 2) + 1 2 j ≥ 1 . (B.9)

In the special case j = 0 corresponding to the primary (0, 0, 2) one picks the realization J^+_{−1} |0, 0⟩ ⊗ |2⟩, resulting in the weight

h_{(0,0,2)} = 3 2 . (B.10)

Note that the primaries with higher j’s could have similarly been represented as J^+_{−1} |j, 2j⟩⊗ |2⟩, but these states do not have minimal weight and hence are not ground states.

The primaries (j, 2j + 2, 0), j ≠ k/2, have a coset representation as J^−_{−1} |j, −2j⟩ ⊗ |0⟩, which is of minimal weight. This results in a weight given by (B.7) shifted by one, or explicitly h_{(j,2j+2,0)} = − j + 1 (k + 2)

+ 1 . (B.11)

For the special case j = k/2 we consider the state |k/2, −k + 2⟩ ⊗ |4⟩, leading to the result that the standard range result has to be shifted by 2, or

h_( k_{2 ,k+2,0)} = 3 2 . (B.12)

The set of states (j, −2j, 2) is mapped to (j, 2j + 2, 0) under field identification and our computation of the weights is compatible with that. For later use, we emphasize that the standard range formula (B.7) still holds for (j, −2j, 2), whereas the reflected formula (B.8) applies to the field identified primaries (j, 2j + 2, 0). Therefore, these primaries can for our purposes be effectively included in the discussion of the standard range fields and no further case distinction is required.

In the Ramond sector, we realize the exceptional cases (j, 2j + 1, −1) as J^−_{−1} |j, −2j⟩ ⊗ |−1⟩ leading to a shift of the standard range weight by 1 h_{(j,2j+1,−1)} = c 24 + 1 . (B.13)

– 104 –

Similarly, we have |j, −2j − 1, 1⟩ = J^+_{−1} |j, 2j⟩ ⊗ |1⟩ and a weight of h_{(j,−2j−1,1)} = c 24 + 1 . (B.14)

In the same way as in the NS sector, (j, 2j + 1, −1) get mapped to (j, −2j − 1, 1) under field identification and our computation of the weights is compatible with that. However, neither (B.7) nor (B.8) holds in the R-sector, so that we need to consider the fields that cannot be reflected to the standard range separately.

In terms of the T matrices, we can conclude from the above discussion that

T^{12}_{(j,n,s)} = σ_{j,n,s} T^{12}_j T^{− 12}_n T^{12}_s (B.15)

where

σ_{j,n,s} :=

1 (j, n, s) ∈ S.R. 1 (j, −2j, 2), l ≥ 2 1 (^k_2 , k + 2, 0) (−1)^{|n|−|s|−2j}2 (^k_2 − j, n ^+(k + 2), s ^+2) ∈ S.R. (−1)^{|n|−|s|−2j}2 (j, 2j + 2, 0), j ≠^k_2 −1 (j, ±(2j + 1), ∓1) −1 (0, 0, 2) One can derive the following general relation between the σ σ k_{2 −j,n ^+(k+2),s ^+2} = (−1)^{|n|−|s|−2j2} σ_{j,n,s} . (B.16) This holds independent of whether (j, n, s) is or can be brought to the standard range. It is however important that the label n is chosen in the range −k − 1, . . . , k + 2 and s in −1, 0, 1, 2. Note also that the sign factor (−1)^{|n|−|s|−2j}2 is invariant under field identification j →^k_2 − j, n → n ^+(k + 2), s → s ^+2.

C. P-matrix for the minimal model

In this appendix, we write down an explicit expressions of the P-matrix of the N = 2 minimal model. We start with the expressions for the P-matrix and Y-tensor of the constituent theories.

SU(2)_k The P-matrix of the level k SU(2) WZW model is P_{jj}′ = 2 √ k + 2 sin [ π(2j + 1)(2j^′ + 1) 2(k + 2) ] δ^{(2)}_{2j+2j′+k} .

Some part of Y-tensor is given by

Y^{j′}_{j0} = (−1)^{2j+j′} N^{j′}_{j j} , Y^{j′}_{j k2} = N^{j′}_{j ( k2 −j)} .

In particular, Y^0_{j 0} = (−1)^{2j} and Y^{k2}_{j k2} = 1 for any j ∈ P_k.

– 105 –

U(1)_k The P-matrix and Y-tensor of the level k U(1) is P_{nn}′ = 1 √ k e^{− πi^n^n′2k} δ^{(2)}_{n+n′+k} , Y^{n′′}_{nn}′ = δ^{(2)}_{n′+n′′} ( δ^{(2k)}_{n+ ^n′− ^n′′} 2 + (−1)^{n′+k}δ^{(2k)}_{n+ ^n′− ^n′′} 2 +k ) , where ^n is the unique member of n + 2kZ in the standard range {−k + 1, . . . , k − 1, k}. In the following, we will omit the^, but it is understood that all labels are chosen in this way.

Minimal model. We first note that the Q-matrix of the minimal model can be expressed in terms of the Q-matrices of the constituent theories in the following way Q_{(j,n,s)(j}′_{,n}′_{,s}′_) = Q_{jj}′ Q^∗_{nn}′ Q_{ss}′ + Q_{j(} k_{2 −j′)}Q^∗_{n(n′ ^+(k+2))}Q_{s(s}′_{^+2)} . (C.1) The P-matrix is then obtained as P_{(j,n,s)(j}′_n′_s′_) = T^{12}_{(j,n,s)}Q_{(j,n,s)(j}′_{,n}′_{,s}′_)T^{12}_{(j′,n′,s′)} = σ_{j,n,s}σ_j′_n′_s′ P_{jj}′ P^∗_{nn}′ P_{ss}′ + +σ_{j,n,s}σ k_{2 −j′,n′ ^+(k+2),s′ ^+2}P_{j,} k_{2 −j′} P^∗_{n,n′ ^+(k+2)}P_{s,s}′_{^+2} (C.2) = σ_{j,n,s}σ_j′_n′_s′ ( P_{jj}′ P^∗_{nn}′ P_{ss}′ + (−1)^{|n} ′|−|s′|−2j′ 2 P_{j,} k_{2 −j′} P^∗_{n,n′ ^+(k+2)}P_{s,s}′_{^+2} ) . In the last step, we have used (B.16). One can further evaluate this formula as

P^∗_{n,n′ ^+(k+2)} = 1 √ k + 2 δ^{(2)}_{n+n′} e^{πin(n} ′ ^+(k+2)) 2(k+2) = 1√

k + 2 δ^{(2)}_{n+n′} e^{πinn} ′ k+2 e^{πin2} (−1)^{|n} ′|+n′ 2 P_{s,s}′_{^+2} = 1 √ 2 δ^{(2)}_{s+s′} e^{− πis(s} ′ ^+2) 4 = 1 √ 2 δ^{(2)}_{s+s′} e^{− πiss′4} e^{πis2} (−1)^{|s} ′|−s′ 2 . Note that these expressions are only valid if n, n^′, s, s^′ are chosen in the range −k−1, . . . , k+ 2 and −1, 0, 1, 2.

The explicit expression for the P-matrix is P_{(j,n,s)(j}′_n′_s′_) = σ_{j,n,s}σ_j′_n′_s′ √ 2 k + 2 δ^{(2)}_{s+s′} e^{πinn} ′ 2(k+2) × × e^{− πiss′4} ( sin [ π (2j + 1)(2j^′ + 1) 2(k + 2) ] δ^{(2)}_{2j+2j′+k}δ^{(2)}_{n+n′+k} + (C.3)

+ (−1)^{2j′ +n′+s′2} e^{πi(n+s)2} sin [ π (2j+1)(k−2j^′+1)

2(k+2) ] δ^{(2)}_{2j+2j′} δ^{(2)}_{n+n′} ) . In the calculations involving B-type parities, it is often convenient to use the following form of the P-matrix, where one inserts the U(1) data explicitly, and then uses general formulas for the SU(2) part: P_{(j,n,s)(j}′_n′_s′_) = σ_{j,n,s}σ_j′_n′_s′ 1 √ 2(k + 2) e^{πinn} ′ 2(k+2) e− πiss′ 4 δ^{(2)}_{s+s′} × × ( P_{jj}′ δ^{(2)}_{n+n′+k} + (−1)^{2j′ +n′+s′2} e^{πi(n+s)2} P_{j,} k_{2 −j′} δ^{(2)}_{n+n′} ) . (C.4)

– 106 –

D. Formulae for the crosscap states

D.1 A-type We compute the explicit coefficients of the A-type crosscap states |C_{n̄,s̄}⟩ = ∑ (j,n,s)∈M_k P_{(0,n̄,s̄)(j,n,s)} √ S_{(0,0,0)(j,n,s)} |C , (j, n, s)⟩⟩ (D.1)

using the expressions for the P-matrix given in the previous section: |C_{n̄,s̄}⟩ = √ 2 k + 2 ∑ (j,n,s)∈M_k σ_{j,n,s}σ_{0,n̄,s̄} √ sin π^{2j+1}_{k+2} δ^{(2)}_{s̄+s} e^{πi n̄n2(k+2)} e^{−πi s̄s4} ×

× ( sin [ π 2j + 1 2(k + 2) ] δ^{(2)}_{2j+k}δ^{(2)}_{n̄+n+k} +

+ (−1)^{2j+n+s2 + n̄+s̄2} cos [ π 2j + 1 2(k + 2) ] δ^{(2)}_{2j} δ^{(2)}_{n̄+n} ) |C , (j, n, s)⟩⟩ . (D.2) Möbius strip. The Möbius strips are expressed using the Y -tensor, ⟨B_{j,n,s}|q^H_t |C_{n̄,s̄}⟩ = ∑ (j^′,n^′,s^′)∈M_k Y^{(j′,n′,s′)} (j,−n,−s)(0,n̄,s̄) ^χj^′,−n^′,−s^′ (τ)

= 1 2 ∑ (j^′,n^′,s^′): even √ T_{0n̄s̄} T_j′_n′_s′ ~Y^{(j′,n′,s′)} (j,−n,−s)(0,n̄,s̄) ^χj^′,−n^′,−s^′ (τ)

= ∑ (j^′,n^′,s^′): even √ T_{0n̄s̄} T_j′_n′_s′ ~Y^{j′}_{j0}Ỹ^{n′}_{−n,n̄}Ỹ^{s′}_{−s,s̄} ^χ_{j′,−n′,−s′} (τ)

= ∑ (j^′,n^′,s^′): even σ_{0n̄s̄} σ_j′_n′_s′ Y^{j′}_{j0} Y^{n′}_{−n,n̄}Y^{s′}_{−s,s̄} ^χ_j′_{,−n}′_{,−s}′ (τ)

= ∑ (j^′,n^′,s^′): even σ_{0n̄s̄} σ_j′_n′_s′ δ^{(2)}_{n′+n̄}δ^{(2)}_{s′+s̄} ( δ^{(2k+4)} n,^{^n̄−^n′}_2 + (−1)^{n̄+k}δ^{(2k+4)}_{n, ^n̄−^n′} 2 +k+2 ) ×

× ( δ^{(4)}_{s, ^s̄− ^s′} 2 + (−1)^{s̄}δ^{(4)}_{s, ^s̄− ^s′} 2 +2 ) (−1)^{2j+j′} N^{j′}_{jj} ^χ_j′_{,−n}′_{,−s}′ (τ) . Simplifying the delta functions for the s-indices by δ^{(4)}_{s, ^s̄− ^s′} 2 + (−1)^{s̄}δ^{(4)}_{s, ^s̄− ^s′} 2 +2 = (−1)^{s̄· s−} ^s̄− ^s′ 2 2 δ^{(4)}_{s′,s̄−2s} , we obtain the formula ⟨B_{j,n,s}|q^H_t |C_{n̄,s̄}⟩ = ∑ (j^′,n^′,s^′): even

δ^{(2)}_{n′+n̄} ( δ^{(2k+4)} n,^{^n̄−^n′}_2 + (−1)^{n̄+k}δ^{(2k+4)}_{n, ^n̄−^n′} 2 +k+2 ) δ^{(4)}_{s′,s̄−2s} ×

×(−1)^{2j+j′+s̄· s−} ^s̄− ^s′ 2 2 N^{j′}_{jj} σ_{0n̄s̄} σ_j′_n′_s′ ^χ_j′_{,−n}′_{,−s}′ (τ) . (D.3)

– 107 –

Taking the complex conjugation, we also find ⟨C_{n̄,s̄}|q^H_t |B_{j,n,s}⟩ = ∑ (j^′,n^′,s^′): even

δ^{(2)}_{n′+n̄} ( δ^{(2k+4)} n,^{^n̄−^n′}_2 + (−1)^{n̄+k}δ^{(2k+4)}_{n, ^n̄−^n′} 2 +k+2 ) δ^{(4)}_{s′,s̄−2s} ×

×(−1)^{2j+j′+s̄· s−} ^s̄− ^s′ 2 2 N^{j′}_{jj} σ_{0n̄s̄} σ_j′_n′_s′ ^χ_j′_{,n}′_{,s}′ (τ) . (D.4) One may further simplify the δ-function for n-indices. This leads to the following expression ⟨C_{n̄,s̄}|q^H_t |B_{j,n,s}⟩ = ∑ j^′∈P_k N^{j′}_{jj}δ^{(2k+4)} 2n+n^′−n̄δ (4) 2s+s^′−s̄ϵ j,n,s n̄,s̄ (j ′, n^′, s^′)^χ_j′_{,n}′_{,s}′ (τ) ,

where ϵ^{j,n,s}_{n̄,s̄} (j^′, n^′, s^′) := (−1)^{2j+j′+s̄· s−} ^s̄− ^s′ 2 2 +(n̄+k)^{n−} ^n̄−^n′ 2 k+2 σ_{0n̄s̄} σ_j′_n′_s′ . D.2 B-type

The set of simple currents (0, n, s) splits up into two orbits under the orbifold group Z_{k+2} × Z_2. The first orbit is the one of (0, 0, 0), which contains only currents (0, n, s) with n, s even, the other orbit is the one of (0, 1, 1), which contains only currents with n, s odd. Accordingly, there are two types of crosscap states. We first construct A-type crosscaps in the orbifold and then apply the mirror map. The crosscaps of the orbifold corresponding to the even orbit are | | |C_{P θrq} (0,0,0) ⟩ = 1 √ 2(k + 2) ∑ n,s δ^{(2)}_n δ^{(2)}_s e^{−πiθrq (n,s)} |C_{n,s}⟩ , (D.5)

where θ_{rq}(n, s) = −rn/(k +2)+qs/2, as explained in the main text. The resulting crosscap states on the orbifold are | | |C_P^{θrq}_{(0,0,0)} ⟩ = 2 ∑ j δ^{(2)}_{2j} (−1)^j (−1)^{^2r2 +q} cos π^{2j+1}_{2(k+2)} √ sin π^{2j+1}_{k+2} σ_{j,−2r,−2q} |C , j, −2r, −2q⟩⟩ (D.6)

Applying the mirror map, one obtains the B-type states | |C^B_{P θrq} (0,0,0) ⟩ = 2 ∑ j δ^{(2)}_{2j} (−1)^j (−1)^{^2r2 +q} cos π^{2j+1}_{2(k+2)} √ sin π^{2j+1}_{k+2} σ_{j,−2r,−2q} |C , j, 2r, 2q⟩⟩_B (D.7)

The crosscaps of the orbifold corresponding to the odd currents are | | |C_P^{θrq}_{(0,1,1)} ⟩ = 1 √ 2(k + 2) ∑ n,s δ^{(2)}_n δ^{(2)}_s e^{−πi(θrq (n,s)−Q̂(0,1,1)(0,n,s))} |C_{n+1,s+1}⟩ (D.8) We first compute

e^{πiQ̂(0,1,1)(0,n,s)} = e^{πi( n2(k+2) − s4 )} e^{πi |n|2} (−1)^{(k+1) n+1−(n ^+1)2k+4} σ_{0,n+1,s+1}

– 108 –

In the calculation, one has to replace various hatted sums by ordinary sums. One uses e^{πi (n} ^+1)n′ 2(k+2) δ(2)

1+k+n+n^′ = e πi^{(n+1)n′} 2(k+2) (−1)(k+1) n+1−(n ^+1) 2k+4 δ(2) 1+k+n+n^′ e^{πi (n} ^+1)n′ 2(k+2) (−1) n ^+1

2 δ^{(2)}_{1+n+n′} = e^{πi (n+1)n} ′ 2(k+2) (−1) n+1 2 (−1)^{(k+1) n+1−(n ^+1)2k+4} δ^{(2)}_{1+n+n′} e^{− (s ^+1)s} ′ 4 δ^{(2)}_s δ^{(2)}_{s+s′} = e^{− (s+1)s} ′ 4 (−1)^{s2} δ^{(2)}_s δ^{(2)}_{s+s′} . (D.9)

Inserting this, one obtains the following crosscap states for the orbifold theory | | |C_P^{θrq}_{(0,1,1)} ⟩ = 2 e^{iω(0,1,1)} ∑ j σ_{j,−2r−1,−2q−1} √ sin π^{2j+1}_{k+2} e^{−πi ^2r+1k+2} e^{πi ^2q+14} δ^{(2)}_{2j} ×

×(−1)^{j+1}(−1)^{^2r+1+2q+12} cos π

2j + 1 2(k + 2) |C , j, −2r − 1, −2q − 1⟩⟩ . (D.10) An application of the mirror map leads to the following odd B-type crosscap states | | |C^B_P^{θrq}_{(0,1,1)} ⟩ = 2 e^{iω(0,1,1)} ∑ j σ_{j,−2r−1,−2q−1} √ sin π^{2j+1}_{k+2} e^{−πi ^2r+12(k+2)} e^{πi ^2q+14} δ^{(2)}_{2j} ×

×(−1)^{j+1}(−1)^{^2r+1+2q+12} cos π

2j + 1 2(k + 2)

|C , j, 2r + 1, 2q + 1⟩⟩_B . (D.11)

One can now choose ω_{(0,1,1)} in such a way that the crosscap becomes real

e^{iω(0,1,1)} = e^{πi ^2r+12(k+2)} e^{−πi ^2q+14} .

At this point, it is convenient to relabel the states: We keep the label (r, q) ∈ Z_{k+2} × Z_2 and introduce a new orbit-label p ∈ 0, 1. p = 0 refers to the orbit of (0, 0, 0) and p = 1 to the orbit of (0, 1, 1). We can then give a closed formula for the crosscap states

|C_{rqp}⟩ = (2(k + 2))^{14} ∑ j σ_{j,−2r−p,−2q−p} P k_{2 j} √ S_{0j} (−1)^{^2r+p−p2 +q}|C , j, 2r + p, 2q + p⟩⟩_B . (D.12)

Here, S and P are the modular matrices of SU(2).

Möbius strip. We present the computation of the Möbius strip. ⟨C_{rqp}|q^H_t |B^B_{[j,s]}⟩_{g4r+2p,2p} = (D.13) = (−1)^{sq} √ 2k + 4 ∑ j S_{jj}′′ P k_{2 j′′} S_{0j}′′ (−1)^{^2r+p−p2 +q}σ_j′′_{,−2r−p,−2q−p}χ̂_j′′_{,2r+p,2q+p}(τ) .

A modular transformation using the P -matrix as given in (C.4) yields ⟨C_{rqp}|q^H_t |B^B_{[j,s]}⟩_{g4r+2p,2p} = = (−1)^{sq} ∑ (j^′n^′s^′)∈M_k δ^{(2)}_{s′+p} ( Y^{k2}_{jj′} (−1)^{^2r+p−p2 +q}δ^{(2)}_{n′+k+p} + (−1)^{2j′ +n′+s′2 +p}Y^{k2}_{j k2 −j′} δ^{(2)}_{n′+p} ) ×

– 109 –

× e^{πi(} ^ 2r+p)n′ 2(k+2) − πi(^ 2q+p)s′ 4 σ_j′_{,n}′_{,s}′χ̂_j′_n′_s′ (τ) = (−1)^{sq} ∑ (j^′n^′s^′)∈M_k δ^{(2)}_{s′+p} ( N^{k2 −j′}_{jj} (−1)^{^2r+p−p2 +q}δ^{(2)}_{n′+p+k} + (−1)^{2j′ +n′+s′2 +p}N^{j′}_{jj}δ^{(2)}_{n′+p} ) ×

× e^{πi(} ^ 2r+p)n′ 2(k+2) − πi(^ 2q+p)s′ 4 σ_j′_{,n}′_{,s}′χ̂_j′_n′_s′ (τ) (D.14)

= (−1)^{sq} ∑ (j^′n^′s^′): even δ^{(2)}_{s′+p}δ^{(2)}_{n′+p}(−1)^{2j′ +n′+s′2 +p}N^{j′}_{jj}e^{πi(^2r+p)n} ′ 2(k+2) − πi(^ 2q+p)s′ 4 σ_j′_{,n}′_{,s}′χ̂_j′_n′_s′ (τ)

Here we have used some relations between SU(2) the Y -matrix and the fusion rules: Y^{k2}_{jj′} =

N^{j′}_{j, k2 −j} = N^{k2 −j′}_{jj} , Y^{j′}_{j, k2 −j′} = N^{j′}_{jj}. To determine the Möbius strip involving the short orbit boundary states note that there is no overlap of the crosscap state with the extra RR-part of the boundary state. The formula presented in the main text is obtained from the second line of the above equation by inserting N^{j′}_{k4 k4} = N^{k2 −j′}_{k4 k4} = 1 for all j^′ = 0, . . . ,^k_2 .

E. Supercurrent conditions

In this appendix, we derive the supercurrent conditions obeyed by the A-type and Btype crosscaps of the superparafermion RCFT. The starting point is the conditions on the boundary states. The Cardy states |B_{j,n,s=±1}⟩ obey the A-type supercurrent condition ~G_{−r} − iG_r = ~G_r − iG_{−r} = 0 , (E.1) where r ∈ Z (resp. r ∈ Z +^1_2 ) when they act on the RR-part (resp. NSNS-part) of the boundary state. This shows that the combinations of the Ishibashi states |B, j, n, s⟩⟩ − |B, j, n, s + 2⟩⟩ obey the same condition (E.1) with r ∈ Z +^1_2 if s = 0 and r ∈ Z if s = −1. Then, the following combination of the crosscap Ishibashi states √ T_{j,n,s}|C , j, n, s⟩⟩ − √ T_{j,n,s+2}|C , j, n, s + 2⟩⟩ = e^{πiL0} ( |B, j, n, s⟩⟩ − |B, j, n, s + 2⟩⟩ )

obey the condition e^{πiL0} ( ~G_{−r} − iG_r ) e^{−πiL0} = e^{πiL0} ( ~G_r − iG_{−r} ) e^{−πiL0} = 0. This is nothing but the supercurrent condition on the A_{0,0}-parity for s = −1 and A π_{2 ,} π_2 -parity for s = 0. It is also easy to see that the other combination √ T_{j,n,s}|C , j, n, s⟩⟩ + √ T_{j,n,s+2}|C , j, n, s + 2⟩⟩ obey the A_{π,0}-condition for s = −1 and the A π_{2 ,−} π_2 -condition for s = 0.

We now consider the PSS crosscaps |C_{j,n,s}⟩ = √ T_{j,n,s} ∑ j,n,s Q^{j′,n′,s′} j,n,s, √ S^{j′,n′,s′} 0,0,0 √ T_j′_{,n}′_{,s}′ |C , j^′, n^′, s^′⟩⟩.

– 110 –

Using the “factorized form” (C.1) of Q-matrix and the following property of Q_{s,s}′ ( Q_{0,0} Q_{0,2} Q_{2,0} Q_{2,2} ) ∝ ( 1 −i −i 1 ) , ( Q_{−1,−1} Q_{−1,1} Q_{1,−1} Q_{1,1} ) ∝ ( −i 1 1 −i ) , it is easy to see that the s^′ dependence of Q^{j′,n′,s′}_{j,n,s} ∓ Q^{j′,n′,s′}_{j,n,s+2} is proportional to 1 for s^′ and ∓1 for s^′ + 2. This shows that 1 √ T_{j,n,s} |C_{j,n,s}⟩ ∓ 1 √ T_{j,n,s+2} |C_{j,n,s+2}⟩ is spanned by √ T_j′_{,n}′_{,s}|C , j^′, n^′, s⟩⟩ ∓ √ T_j′_{,n}′_{,s+2}|C , j^′, n^′, s + 2⟩⟩, which obey the supercurrent conditions of the types given above. This shows the first table in section 4.5.1.

Next, let us apply the mirror map to the combinations of the crosscap Ishibashi states considered above. This shows that √ T_{j,n,s}|C , j, n, s⟩⟩_B ∓ √ T_{j,n,s+2}|C , j, n, s + 2⟩⟩_B obey for the (−)-sign the supercurrent conditions of the type B_{0,0} (s odd) and B π_{2 ,} π_2 (s even), while they obey for the (+)-sign the conditions of the type B_{0,π} (s odd) and B π_{2 ,−} π_2 (s even). Note that the B-type crosscaps that appear in (4.71) ((D.7) and (D.11) or their combined form (D.12)) has the following structure |C^B_{r,q,p}⟩ = ∑ j integer c_{j,r,p} (−1)^q √ T^{(2)}_{2q+p} √ T_{j,2r+p,2q+p}|C , j, 2r + p, 2q + p⟩⟩_B ,

where c_{j,r,p} is a number depending on (j, r, p) only. This motivates us to find the combinations (4.82) which obey the supercurrent conditions of the types in the second table of section 4.5.1.

F. Normalization of RR ground states

In this appendix, we review the Landau-Ginzburg computation of the overlaps of RR ground states and A-branes in N = 2 minimal model [22, 23]. This explains the choice of the normalization constant (6.20) for the ground state wavefunctions.

For the ground state wave functions, we use those of the form

ω l_2 = c l_2 e^{−iW} ϕ^ldϕ + (Q_+ + Q_−)(· · ·), l = 0, 1, . . . , k, (F.1)

for some constant c l_2 . Their inner-products are computed as

g_{l2 , l′2} = ∫ ω l_2 ∧ ∗ω_l′_2

= c l_2 c_l′_2 ∫ e^{−i(ϕk+2+ϕk+2)}ϕ^lϕ^{l′} dϕ ∧ ∗dϕ = 2c l_2 c_l′_2 ∫ e^{−2irk+2 cos((k+2)θ)} e^{i(l−l′)θ}r^{l+l′+1}drdθ ,

– 111 – where we have used the polar coordinates ϕ = r e^{iθ}. We see that they are orthogonal, g_{l2 , l′2} = 0 if l ≠ l^′. Expanding the exponential and performing the θ integral, we find

g_{l2 , l2} = 4π|c l_2 |^2 ∫_∞ 0 ∞∑ m=0 (−1)^m (m!)^2

(r^{k+2})^{2m}r^{2l+1}dr

= 4π|c l_2 |^2 ∫_∞ 0 J_0(2r^{k+2})r^{2l+1}dr

= |c l_2 |^2 2 k + 2 [ Γ ( l + 1 k + 2 )]_2 sin ( π(l + 1) k + 2 ) , where J_0(x) = ∑_∞ m=0(−1)^m(x/2)^{2m}/(m!)^2 is the Bessel function, and we have used the integral formula ∫_∞ 0 x^{μ−1}J_0(ax)dx = 2^{μ−1}[Γ(μ/2)]^2 sin(πμ/2)/(πa^μ). Thus, they form an orthonormal basis if c l_2 are chosen as

c l_2 = e^{iγl} √ k + 2

Γ(^{l+1}_{k+2} ) √ 2 sin(^{π(l+1)}_{k+2} )

, (F.2)

where e^{iγl} is some phase.

Now, let us perform the overlap integrals. We consider the brane A_{jns=1} = A_{a+,a−} where a_± =^{π(n±2j±1)}_{k+2} . It is a broken line coming from the infinity in the direction z_i = e^{πi(n−2j−1)k+2} , cornering at ϕ = 0, and then going out to infinity in the direction z_f = e^{πi(n+2j+1)k+2} . The overlap is

Π^{Ajn1}_{l2} = c l_2 ∫ A^−_{jn1} e^{−iϕk+2} ϕ^ldϕ = c l_2 (z^{l+1}_f − z^{l+1}_i ) ∫_{+∞−i·0} 0 e^{−itk+2} t^ldt = c l_2 1 k + 2 e^{πi(n−1/2)(l+1)} k+2 2i sin [ π(2j + 1)(l + 1) k + 2 ] Γ ( l + 1 k + 2 )

and ~Π^{Ajn1}_l 2 = c l_2 ∫ A^+_{jn1} e^{−iϕk+2} ϕ^l ∗ dϕ = i c l_2 ∫ A^+_{jn1} e^{iϕk+2} ϕ^ldϕ

= i c l_2 1 k + 2 e^{−πi(n+1/2)(l+1)} k+2 (−2i) sin [ π(2j + 1)(l + 1) k + 2 ] Γ ( l + 1 k + 2 ) .

Using the normalization formula (F.2) with the phase choice e^{iγl} = −i e^{−πi(l+1)2(k+2)} , we find that the above reproduce the known formula for the overlaps:

Π^{Ajn1}_{l2} =_{RR} ⟨ B_{j,n−1,(0)} | | l 2 ⟩ RR , ~Π^{Ajn1}_{l2} =_{RR} ⟨ l 2 | |B_{j,n,(1)} ⟩ RR . (F.3)

– 112 –

References

[1] P. Candelas, G.T. Horowitz, A. Strominger and E. Witten, Vacuum configurations for superstrings, Nucl. Phys. B 258 (1985) 46.

[2] A. Sagnotti, Open strings and their symmetry groups, hep-th/0208020. [3] M. Bianchi and A. Sagnotti, On the systematics of open string theories, Phys. Lett. B 247 (1990) 517.

[4] M. Bianchi and A. Sagnotti, Twist symmetry and open string wilson lines, Nucl. Phys. B 361 (1991) 519.

[5] P. Hořava, Strings on world sheet orbifolds, Nucl. Phys. B 327 (1989) 461. [6] P. Hořava, Background duality of open string models, Phys. Lett. B 231 (1989) 251. [7] A.B. Zamolodchikov and V.A. Fateev, Disorder fields in two-dimensional conformal quantum field theory and N = 2 extended supersymmetry, Sov. Phys. JETP 63 (1986) 913 [Zh. Eksp. Teor. Fiz. 90 (1986) 1553].

[8] Z. Qiu, Nonlocal current algebra and N = 2 superconformal field theory in two-dimensions, Phys. Lett. B 188 (1987) 207.

[9] M. Ademollo et al., Supersymmetric strings and color confinement, Phys. Lett. B 62 (1976) 105; Dual string with U(1) color symmetry, Nucl. Phys. B 111 (1976) 77.

[10] D. Gepner, Space-time supersymmetry in compactified string theory and superconformal models, Nucl. Phys. B 296 (1988) 757.

[11] D. Gepner, Exactly solvable string compactifications on manifolds of SU(N) holonomy, Phys.

Lett. B 199 (1987) 380.

[12] F. Ravanini and S.-K. Yang, Modular invariance in N = 2 superconformal field theories, Phys. Lett. B 195 (1987) 202.

[13] Z. Qiu, Modular invariant partition functions for N = 2 superconformal field theories, Phys.

Lett. B 198 (1987) 497.

[14] Y. Kazama and H. Suzuki, New N = 2 superconformal field theories and superstring compactification, Nucl. Phys. B 321 (1989) 232.

[15] E. Witten, The N matrix model and gauged WZW models, Nucl. Phys. B 371 (1992) 191. [16] E.J. Martinec, Algebraic geometry and effective lagrangians, Phys. Lett. B 217 (1989) 431. [17] C. Vafa and N.P. Warner, Catastrophes and the classification of conformal theories, Phys.

Lett. B 218 (1989) 51.

[18] E. Witten, On the Landau-Ginzburg description of N = 2 minimal models, Int. J. Mod. Phys.

A 9 (1994) 4783 [hep-th/9304026].

[19] A. Recknagel and V. Schomerus, D-branes in Gepner models, Nucl. Phys. B 531 (1998) 185 [hep-th/9712186].

[20] I. Brunner, M.R. Douglas, A.E. Lawrence and C. Romelsberger, D-branes on the quintic, J.

High Energy Phys. 08 (2000) 015 [hep-th/9906200].

[21] J.M. Maldacena, G.W. Moore and N. Seiberg, Geometrical interpretation of D-branes in gauged WZW models, J. High Energy Phys. 07 (2001) 046 [hep-th/0105038].

– 113 –

[22] K. Hori, A. Iqbal and C. Vafa, D-branes and mirror symmetry, hep-th/0005247.

[23] K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil and E. Zaslow, Mirror symmetry, to be published by AMS/CMI, 2003, section 39.

[24] M. Bianchi, G. Pradisi and A. Sagnotti, Planar duality in the discrete series, Phys. Lett. B 273 (1991) 389;

D. Fioravanti, G. Pradisi and A. Sagnotti, Sewing constraints and nonorientable open strings, Phys. Lett. B 321 (1994) 349 [hep-th/9311183].

[25] G. Pradisi, A. Sagnotti and Y.S. Stanev, Planar duality in SU(2) WZW models, Phys. Lett.

B 354 (1995) 279 [hep-th/9503207].

[26] G. Pradisi, A. Sagnotti and Y.S. Stanev, The open descendants of nondiagonal SU(2) WZW models, Phys. Lett. B 356 (1995) 230 [hep-th/9506014].

[27] G. Pradisi, A. Sagnotti and Y.S. Stanev, Completeness conditions for boundary operators in 2d conformal field theory, Phys. Lett. B 381 (1996) 97 [hep-th/9603097].

[28] P. Bantay, The Frobenius-Schur indicator in conformal field theory, Phys. Lett. B 394 (1997) 87 [hep-th/9610192].

[29] L.R. Huiszoon, A.N. Schellekens and N. Sousa, Klein bottles and simple currents, Phys. Lett.

B 470 (1999) 95 [hep-th/9909114].

[30] J. Fuchs, L.R. Huiszoon, A.N. Schellekens, C. Schweigert and J. Walcher, Boundaries, crosscaps and simple currents, Phys. Lett. B 495 (2000) 427 [hep-th/0007174].

[31] C. Angelantonj and A. Sagnotti, Open strings, Phys. Rept. 371 (2002) 1 [hep-th/0204089].

[32] I. Brunner and K. Hori, Notes on orientifolds of rational conformal field theories, J. High Energy Phys. 07 (2004) 023 [hep-th/0208141].

[33] E. Witten, Phases of N = 2 theories in two dimensions, Nucl. Phys. B 403 (1993) 159 [hep-th/9301042].

[34] K. Hori and C. Vafa, Mirror symmetry, hep-th/0002222.

[35] S. Govindarajan, T. Jayaraman and T. Sarkar, On D-branes from gauged linear sigma models, Nucl. Phys. B 593 (2001) 155 [hep-th/0007075].

[36] P. Mayr, Phases of supersymmetric D-branes on Kähler manifolds and the McKay correspondence, J. High Energy Phys. 01 (2001) 018 [hep-th/0010223].

[37] K. Hori, Linear models of supersymmetric D-branes, in Symplectic geometry and mirror symmetry, Seoul 2000, K. Fukaya, Y.-G. Oh, K. Ono and G. Tian eds., World Scientific, Singapore 2001 [hep-th/0012179].

[38] T. Takayanagi, Holomorphic tachyons and fractional D-branes, Nucl. Phys. B 603 (2001) 259 [hep-th/0103021]; Tachyon condensation on orbifolds and McKay correspondence, Phys. Lett. B 519 (2001) 137 [hep-th/0106142].

[39] S. Hellerman and J. McGreevy, Linear sigma model toolshed for D-brane physics, J. High Energy Phys. 10 (2001) 002 [hep-th/0104100].

[40] S. Govindarajan and T. Jayaraman, Boundary fermions, coherent sheaves and D-branes on Calabi-Yau manifolds, Nucl. Phys. B 618 (2001) 50 [hep-th/0104126].

– 114 –

[41] S. Hellerman, S. Kachru, A.E. Lawrence and J. McGreevy, Linear sigma models for open strings, J. High Energy Phys. 07 (2002) 002 [hep-th/0109069].

[42] K.D. Kennaway, A geometrical construction of Recknagel-Schomerus boundary states in linear sigma models, Nucl. Phys. B 647 (2002) 471 [hep-th/0203266].

[43] J. Distler, H. Jockers and H.-j. Park, D-brane monodromies, derived categories and boundary linear sigma models, hep-th/0206242.

[44] S. Katz, Versal deformations and superpotentials for rational curves in smooth threefolds,

math.AG/0010289.

[45] H. Ooguri, Y. Oz and Z. Yin, D-branes on Calabi-Yau spaces and their mirrors, Nucl. Phys.

B 477 (1996) 407 [hep-th/9606112].

[46] Y. Hikida, Orientifolds of SU(2)/U(1) WZW models, J. High Energy Phys. 11 (2002) 035 [hep-th/0201175].

[47] R. Blumenhagen and A. Wisskirchen, Spectra of 4d, N = 1 type-I string vacua on non-toroidal CY threefolds, Phys. Lett. B 438 (1998) 52 [hep-th/9806131].

[48] C. Angelantonj, M. Bianchi, G. Pradisi, A. Sagnotti and Y.S. Stanev, Comments on gepner models and type-I vacua in string theory, Phys. Lett. B 387 (1996) 743 [hep-th/9607229].

[49] E. Martinec, unpublished.

[50] C.G. Callan Jr., C. Lovelace, C.R. Nappi and S.A. Yost, Adding holes and crosscaps to the superstring, Nucl. Phys. B 293 (1987) 83.

[51] J. Polchinski and Y. Cai, Consistency of open superstring theories, Nucl. Phys. B 296 (1988) 91. [52] S. Cecotti and C. Vafa, Topological antitopological fusion, Nucl. Phys. B 367 (1991) 359. [53] C.A. Scrucca and M. Serone, Anomalies and inflow on D-branes and o-planes, Nucl. Phys. B 556 (1999) 197 [hep-th/9903145].

[54] L. Alvarez-Gaumé, Supersymmetry and the Atiyah-Singer index theorem, Commun. Math.

Phys. 90 (1983) 161.

[55] D. Friedan and P. Windey, Supersymmetric derivation of the Atiyah-Singer index and the chiral anomaly, Nucl. Phys. B 235 (1984) 395.

[56] G. Pradisi and A. Sagnotti, Open string orbifolds, Phys. Lett. B 216 (1989) 59. [57] E.G. Gimon and J. Polchinski, Consistency conditions for orientifolds and D-manifolds, Phys. Rev. D 54 (1996) 1667 [hep-th/9601038].

[58] M.R. Douglas and G.W. Moore, D-branes, quivers and ALE instantons, hep-th/9603167. [59] M.F. Atiyah and G.B. Segal, The index of elliptic operators, 2, Annals Math. 87 (1968) 531. [60] A. Kapustin and D. Orlov, Remarks on A-branes, mirror symmetry and the Fukaya category,

hep-th/0109098.

[61] K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono, Lagrangian intersection Floer theory — anomaly and obstruction, Kyoto-Math 00-17, December, 2000 (available at

http://www.kusm.kyoto-u.ac.jp/~fukaya/fukaya.html)

[62] E. Witten, Nonabelian bosonization in two dimensions, Commun. Math. Phys. 92 (1984) 455.

– 115 –

[63] A.M. Polyakov and P.B. Wiegmann, Goldstone fields in two-dimensions with multivalued actions, Phys. Lett. B 141 (1984) 223.

[64] K. Gawȩdzki and A. Kupiainen, Coset construction from functional integrals, Nucl. Phys. B 320 (1989) 625; G/h conformal field theory from gauged WZW model, Phys. Lett. B 215 (1988) 119.

[65] H.J. Schnitzer, A path integral construction of superconformal field theories from a gauged supersymmetric Wess-Zumino-Witten action, Nucl. Phys. B 324 (1989) 412.

[66] D. Karabali, Q.-H. Park, H.J. Schnitzer and Z. Yang, A GKO construction based on a path integral formulation of gauged Wess-Zumino-Witten actions, Phys. Lett. B 216 (1989) 307; D. Karabali and H.J. Schnitzer, Brst quantization of the gauged WZW action and coset conformal field theories, Nucl. Phys. B 329 (1990) 649.

[67] M. Bianchi and Y.S. Stanev, Open strings on the Neveu-Schwarz pentabrane, Nucl. Phys. B 523 (1998) 193 [hep-th/9711069].

[68] C. Bachas, N. Couchoud and P. Windey, Orientifolds of the 3-sphere, J. High Energy Phys.

12 (2001) 003 [hep-th/0111002].

[69] L.R. Huiszoon, K. Schalm and A.N. Schellekens, Geometry of WZW orientifolds, Nucl. Phys.

B 624 (2002) 219 [hep-th/0110267].

[70] I. Brunner, On orientifolds of WZW models and their relation to geometry, J. High Energy Phys. 01 (2002) 007 [hep-th/0110219].

[71] D. Gepner, Field identification in coset conformal field theories, Phys. Lett. B 222 (1989) 207.

[72] G.W. Moore and N. Seiberg, Taming the conformal zoo, Phys. Lett. B 220 (1989) 422.

[73] K. Hori, Global aspects of gauged Wess-Zumino-Witten models, Commun. Math. Phys. 182 (1996) 1 [hep-th/9411134].

[74] A. Schwimmer and N. Seiberg, Comments on the N = 2, N = 3, N = 4 superconformal algebras in two-dimensions, Phys. Lett. B 184 (1987) 191.

[75] J.L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl. Phys. B 324 (1989) 581.

[76] J. Fuchs and C. Schweigert, Symmetry breaking boundaries, I. General theory, Nucl. Phys. B 558 (1999) 419 [hep-th/9902132].

[77] E. Witten, D-branes and K-theory, J. High Energy Phys. 12 (1998) 019 [hep-th/9810188].

[78] K. Hori and A. Kapustin, Duality of the fermionic 2d black hole and N = 2 Liouville theory as mirror symmetry, J. High Energy Phys. 08 (2001) 045 [hep-th/0104202].

[79] B. Acharya, M. Aganagic, K. Hori and C. Vafa, Orientifolds, mirror symmetry and superpotentials, hep-th/0202208.

[80] A. Dabholkar and J. Park, Strings on orientifolds, Nucl. Phys. B 477 (1996) 701 [hep-th/9604178].

[81] E. Witten, Toroidal compactification without vector structure, J. High Energy Phys. 02 (1998) 006 [hep-th/9712028].

[82] S.R. Coleman, More about the massive Schwinger model, Ann. Phys. (NY) 101 (1976) 239.

– 116 –

[83] D.R. Morrison and M. Ronen Plesser, Summing the instantons: quantum cohomology and mirror symmetry in toric varieties, Nucl. Phys. B 440 (1995) 279 [hep-th/9412236].

[84] B.R. Greene and M.R. Plesser, Duality in Calabi-Yau moduli space, Nucl. Phys. B 338 (1990) 15.

[85] R. Blumenhagen, V. Braun, B. Körs and D. Lüst, Orientifolds of k3 and Calabi-Yau manifolds with intersecting D-branes, J. High Energy Phys. 07 (2002) 026 [hep-th/0206038].

[86] S. Kachru, Lectures on duality and string dynamics, Nucl. Phys. 55B (Proc. Suppl.) (1997) 65. [87] S. Kachru, S. Katz, A.E. Lawrence and J. McGreevy, Open string instantons and superpotentials, Phys. Rev. D 62 (2000) 026001 [hep-th/9912151].

[88] S. Kachru, S. Katz, A.E. Lawrence and J. McGreevy, Mirror symmetry for open strings, Phys. Rev. D 62 (2000) 126005 [hep-th/0006047].

[89] M. Aganagic and C. Vafa, Mirror symmetry, D-branes and counting holomorphic discs,

hep-th/0012041.

[90] M. Aganagic, A. Klemm and C. Vafa, Disk instantons, mirror symmetry and the duality web, Z. Naturforsch. A57 (2002) 1 [hep-th/0105045].

[91] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four-folds, Nucl. Phys. B 584 (2000) 69 [hep-th/9906070], erratum ibid. B 608 (2001) 477.

[92] S.B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluxes in string compactifications, Phys. Rev. D 66 (2002) 106006 [hep-th/0105097]; S. Kachru, M.B. Schulz and S. Trivedi, Moduli stabilization from fluxes in a simple IIB orientifold, J. High Energy Phys. 10 (2003) 007 [hep-th/0201028];

A.R. Frey and J. Polchinski, N = 3 warped compactifications, Phys. Rev. D 65 (2002) 126009 [hep-th/0201029];

S. Kachru, M.B. Schulz, P.K. Tripathy and S.P. Trivedi, New supersymmetric string compactifications, J. High Energy Phys. 03 (2003) 061 [hep-th/0211182]; P.K. Tripathy and S.P. Trivedi, Compactification with flux on K3 and tori, J. High Energy Phys. 03 (2003) 028 [hep-th/0301139];

R. Blumenhagen, D. Lüst and T.R. Taylor, Moduli stabilization in chiral type-IIB orientifold models with fluxes, Nucl. Phys. B 663 (2003) 319 [hep-th/0303016].

[93] S. Kachru, R. Kallosh, A. Linde and S.P. Trivedi, de Sitter vacua in string theory, Phys. Rev.

D 68 (2003) 046005 [hep-th/0301240].

[94] W. Lerche, P. Mayr and N. Warner, Holomorphic N = 1 special geometry of open-closed type-II strings, hep-th/0207259;

N = 1 special geometry, mixed hodge variations and toric geometry, hep-th/0208039.

[95] E. Witten, Chern-Simons gauge theory as a string theory, Prog. Math. 133 (1995) 637 [hep-th/9207094].

[96] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Kodaira-Spencer theory of gravity and exact results for quantum string amplitudes, Commun. Math. Phys. 165 (1994) 311 [hep-th/9309140].

[97] M.B. Green, J.A. Harvey and G.W. Moore, I-brane inflow and anomalous couplings on D-branes, Class. and Quant. Grav. 14 (1997) 47 [hep-th/9605033].

– 117 –

[98] Y.-K.E. Cheung and Z. Yin, Anomalies, branes and currents, Nucl. Phys. B 517 (1998) 69 [hep-th/9710206].

[99] R. Minasian and G.W. Moore, K-theory and Ramond-Ramond charge, J. High Energy Phys.

11 (1997) 002 [hep-th/9710230].

[100] D.S. Freed and E. Witten, Anomalies in string theory with D-branes, hep-th/9907189.

[101] K. Dasgupta, D.P. Jatkar and S. Mukhi, Gravitational couplings and Z_2 orientifolds, Nucl.

Phys. B 523 (1998) 465 [hep-th/9707224];

K. Dasgupta and S. Mukhi, Anomaly inflow on orientifold planes, J. High Energy Phys. 03 (1998) 004 [hep-th/9709219].

[102] J.F. Morales, C.A. Scrucca and M. Serone, Anomalous couplings for D-branes and O-planes, Nucl. Phys. B 552 (1999) 291 [hep-th/9812071].

[103] B. Craps and F. Roose, Anomalous D-brane and orientifold couplings from the boundary state, Phys. Lett. B 445 (1998) 150 [hep-th/9808074]; (Non-)anomalous D-brane and o-plane couplings: the normal bundle, Phys. Lett. B 450 (1999) 358 [hep-th/9812149].

[104] B. Stefański Jr., Gravitational couplings of D-branes and O-planes, Nucl. Phys. B 548 (1999) 275 [hep-th/9812088].

[105] C. Römelsberger, (Fractional) intersection numbers, tadpoles and anomalies,

hep-th/0111086.

– 118 –